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Abstract

In this paper we solve support vector machines in reproducing kernel Banach
spaces with reproducing kernels defined on nonsymmetric domains instead of the
traditional methods in reproducing kernel Hilbert spaces. Using the orthogonal-
ity of semi-inner-products, we can obtain the explicit representations of the dual
(normalized-duality-mapping) elements of support vector machine solutions. In
addition, we can introduce the reproduction property in a generalized native space
by Fourier transform techniques such that it becomes a reproducing kernel Banach
space, which can be even embedded into Sobolev spaces, and its reproducing ker-
nel is set up by the related positive definite function. The representations of the
optimal solutions of support vector machines (regularized empirical risks) in these
reproducing kernel Banach spaces are formulated explicitly in terms of positive
definite functions, and their finite numbers of coefficients can be computed by
fixed point iteration. We also give some typical examples of reproducing kernel
Banach spaces induced by Matérn functions (Sobolev splines) so that their support
vector machine solutions are well computable as the classical algorithms. More-
over, each of their reproducing bases includes information from multiple training
data points. The concept of reproducing kernel Banach spaces offers us a new
numerical tool for solving support vector machines.
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1. Introduction

The theory and practice of kernel-based methods is a fast growing research
area. They have been used for both scattered data approximation and machine
learning. Applications come from such different fields as physics, biology, geol-
ogy, meteorology and finance. The books [4, 7, 20, 21] show how to use (con-
ditionally) positive definite kernels to construct interpolants for observation data
sampled from some unknown functions in the native spaces induced by the ker-
nel functions. In the books [2, 18], the optimal support vector machine solutions
are obtained in reproducing kernel Hilbert spaces (RKHSs), and these solutions
are formulated in terms of the related reproducing kernels and given data values.
Actually, as long as the same inner product is used, the concepts of native spaces
and RKHSs are interchangeable. It is just that researchers in numerical analy-
sis and statistical learning use different terminology and techniques to introduce
those spaces. Moreover, the recent contributions [9, 10, 22] develop a clear and
detailed framework for generalized Sobolev spaces and RKHSs by establishing a
connection between Green functions and reproducing kernels.

Related to the current research work, [5, 6, 23] all generalize classical native
spaces (RKHSs) to Banach spaces in different ways. However, the reproducing
property in generalized native spaces is not discussed in [5, 6], and [23] does
not mention how to use reproducing kernels to introduce the explicit forms of
their reproducing kernel Banach spaces (RKBSs) analogous to the typical cases
of RKHSs induced by Gaussian kernels and Sobolev-spline kernels, etc. Using
[23] it is therefore difficult to obtain explicit and simple support vector machine
(SVM) solutions and perform practical computations. Following the results of
these earlier authors, [22, Section 6] tries to combine both of these ideas, and uses
Fourier transform techniques to construct RKBSs.

In this paper we want to complete and extend the theoretical results in [22,
Section 6]. In addition, the RKBS given in Definition 4.1 is different from that
of [23]. Our RKBS can be one-sided or two-sided and its reproducing kernel K
can be defined on nonsymmetric domains, i.e., K : Q, X Q; — C, where
and Q, can be various subsets of R? and R%, respectively (see Definition 4.1).
Our RKBS is an extension of the RKHS and it does not require the reflexivity
condition. The RKBS defined in [23] can be seen as a special case of the RKBS
defined in this paper. According to Lemma 4.1, we can still obtain the optimal
solution in the one-sided RKBS using the techniques of semi-inner-products.

It is well known that for given training data D := {(x I j)};\l_l the classical



SVM (regularized empirical risk) in the RKHS H has the form

N

minZ L(xj,yj,f(xj)) + R (IS llg) »

JeH
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where L is a loss function and R is a regularization function (see Theorem 3.1). In
the same way we are able to apply an optimal recovery of RKBSs to solve SVMs
in RKBSs. Theorem 4.2 establishes that the SVM in the right-sided RKBS 8 with
the reproducing kernel K : Q, x Q; — C based on the training data D € Q; X C

satisfies
N

min Z] L(x;.y; fGe)) + RIS Ng)
Moreover, this problem has a unique optimal solution sp ; z and its dual (normalized-
duality-mapping) element sy, , , is a linear combination of the reproducing kernel

centered at the training data points {x1,...,xy} C Q,, i.e.,

ckK(x,xk), x € Q,.
1

N
SpLr(X) =

k=
According to Corollary 4.3, the coeflicient vector ¢ := (cy,- -, cN)T of s’b’ LR 1S
a fixed point of the function Fy,;  : RY — R dependent of the differential loss
function L and the differential regularization function R, i.e., F ;3’ L z(¢) = ¢. From
this it is obvious that the SVM in the RKBS is the generalization of the classical
method in the RKHS.

In Section 5, we show how to use a positive definite function ® to set up dif-
ferent RKBSs BQ(R" ) and Bg) (Q2) with p > 1 whose two-sided reproducing kernel
is given by K(x,y) = ®(x — y) (see Theorems 5.1 and 5.6). We can observe that
BH(RY) is a kind of generalized native space. Furthermore, 85 (R?) and B} (Q)
coincide with the definition of RKBSs given in [23]. The SVM solution sp; r
in B (R?) can be represented by the positive definite function ®, which means
that we can obtain an explicit formula for the SVM solution sp 1 £ in BQ(R" ) (see
Theorem 5.4). Corollary 5.5 shows that the finite dimensional coefficients of the
SVM solution sp; x can even be obtained by solving a fixed point iteration prob-
lem for differentiable loss functions and regularization functions. Theorem 5.6
and Corollary 5.7 give some examples of reproducing kernels defined on nonsym-
metric domains. Corollary 5.3 and 5.8 provide that RKBSs can be embedded into
Sobolev spaces for some special reproducing kernels, e.g., Sobolev-spline kernels
(Matérn functions).



The Matérn functions represent a fast growing research area which has fre-
quent applications in approximation theory and statistical learning, and more-
over, they are positive definite functions and (full-space) Green functions (see
[7,9, 14, 22]). In Section 6, we solve the SVMs in the RKBSs of Matérn func-
tions. If Gy, 1s the Matérn function with parameter 6 > 0 and degree n > 3d/2
then, according to our theoretical results, 8z, (R) is an RKHS, while 8¢, (RY)
is only an RKBS. Their reproducing kernels however, are the same Sobolev-
spline kernel Ky ,,(x,y) := Gy,(x — y). It is well known that the SVM solution in
Béé),n R?) = Hg,,(R?) has the explicit expression

N

d

Sp.Lr(X) : ZCkKe,n(x,xk), x € RY,
=1

(see Theorem 3.1). In this paper we discover a new fact that the SVM solution in
B¢, (RY) also has an explicit form, namely

N,N.N

- d
SD,L,R(x) = Z ck] Ckzck37(9,3n (x? xkl ) xkz’ xk3) ) X € R s
ky,ka,k3=1

where Ky3,(x, ¥, ¥2,¥3) := Ggsn(x —y, +y, — y3). Section 6 shows that several
other explicit representations of SVM solutions in the RKBS B’(’; (R9) are eas-
ily computable when p is an even number. This discovery could Tead to a new
numerical tool for SVMs.

For the binary classification problems, it is well-known that the classical hinge
loss is designed to maximize the 2-norm margins by using the linear functions.
However, we can not employ the hinge loss to set up the SVMs in order to max-
imize other p-norm margins. We guess that for applications to the problems that
arise in current practice it will be necessary to construct loss functions depending
on different kinds of RKBSs.

Remark 1.1. In this paper, the third author hopes to correct a mistake concerning
the optimal recovery of RKBS B} (R?) mentioned in [22, Section 6.2]. Theo-
rem 5.4 is the correction of [22, Theorem 6.5], which was the result of a mis-
conception that the normalized duality mapping is linear. The main ideas and
techniques used in the corrected version below are still the same as in [22]. An
updated version of [22] has been posted on Ye’s webpage.



2. Banach Spaces

In this section, we review some classical theoretical results for Banach spaces
from [11, 13, 15, 16]. We denote the dual space (the collection of all bounded
linear functionals) of a Banach space 8 by B’ and its dual bilinear product as
(,)g, 1.€.,

(f,TYg:=T(f), forallT € B andall f € B.
[16, Theorem 1.10.7] states that 8’ is also a Banach space.

If the Banach spaces B, and B, are isometrically isomorphic (equivalent), i.e.,
B, = B,, then we can think of both spaces as being identical in the sense that
their norms and their elements can be seen to be the same in both spaces (see [16,
Definition 1.4.13]). We say that B, is embedded into B, if there exists a positive
constant C such that ||f]lg, < C||fllg, for all f € B; C B, (see [1, Section 1.25]).

If the Banach space B is reflexive (see [16, Definition 1.11.6]), then we have
B’ =Band (f,g)s =g, f)s forall f € Bandall g € B'. For example, the func-
tion space L,(Q; 1) defined on the positive measure space (L2, Zq, 1) is a reflexive
Banach space and its dual space is isometrically equivalent to L,(€2;u) where
p,q>1land p~' + ¢! =1 (see [16, Example 1.10.2 and Theorem 1.11.10]). For
the complex situation, the isometric isomorphism from L,(Q; 11)" onto L,(£2; i) is
antilinear.

We say that B is uniformly convex if, for every € > 0, there is 6 > 0 such that

f+g

. < 1-96, whenever ||fllg =llgllg =1and || f —gllg = €

(see [16, Definition 5.2.1]). According to [16, Definition 5.4.1, 5.4.15 and Corol-
lary 5.4.18], 8B is said to be smooth or Gateaux differentiable if

+ Agllg —
- If + Agllg — I fllg

i
A1-0 A

exists, forall f,g e 8.

A typical case is that L,(€2; ) is uniformly convex and smooth if 1 < p < co.

It is well known that we can discuss the orthogonality in Banach spaces with
a more general axiom system than that in Hilbert spaces. The papers [11, 13, 15]
show that every Banach space can be represented as a semi-inner-product space
in order that the theories of Banach space can be penetrated by Hilbert space type
arguments. A semi-inner-product [-,-]g : B X B — C defined on a Banach space
B is given by

() [f + g s = [f.hls + (g, Rs, (i) [f, fls = Ifll5,
(iii) [Af, gls = ALS, g)s, Lf>Agls = ALf,gls, () |Lfsglsl < [f, flslg. glss



for all f, g,h € B and all A1 € C. However, Hermitian symmetry of the semi-inner-
product may not hold, i.e., [f, gls # WB. This indicates that the generality of
the semi-inner-product in Banach space is a serious limitation for any extensive
development that parallels the inner product of Hilbert space.

For example, a semi-inner-product of L,(€; u) with 1 < p < oo is given by

1 P
(& Mo =~ [ ST o), forall f.g € L@
I 2y I

(see examples in [11, 13]).
We say that f is orthogonal to g in a Banach space 8 if

If + Agllg = |Ifllg, foralldeC,

(see the definitions in [11, 13]). Suppose that the Banach space 8 is smooth.
Using [11, Theorem 2], we can determine that f is orthogonal to g if and only if
fisnormalto g,i.e.,

[g > f lg = 0.

We can also obtain a representation theorem in Banach space by an adaptation
of the representation theorem in Hilbert space. Suppose that the Banach space 8
is uniformly convex and smooth. According to [11, Theorem 3 and 6], for every
bounded linear functional 7 € $’, there exists a unique f € 8 such that

T(g) =(g.T)s =g, flg, forallge B,

and ||Tllg = ||fllg. This mapping is also surjective. We call T the normalized-
duality-mapping element of f and rewrite it as f* := T. For convenience we
simplify normalized-duality-mapping element to dual element in this paper. The
normalized duality mapping is a one-to-one and norm-preserving mapping from
B onto B'. Note that this mapping is usually nonlinear. According to [11, The-
orem 7], the semi-inner-product of B’ has the form [f*,g"]lg = [g, flg for all
f*,g" € B'. For example, the dual element of f € L,(Q;u) with1 < p < cois
given by

PCa1rC)

)
A

where ¢ is the conjugate exponent of p. Let N be a subset of 8. We can

check that f is orthogonal to N if and only if its dual element f* € N+ =
ne®B : (hyng =0, forall h € N}, ie.,

[h, flg = (h, ) =0, forallhe N.

€ Ly(Q; ),



3. Reproducing Kernels and Reproducing Kernel Hilbert Spaces

Most of the material presented in this section can be found in the mono-
graphs [7, 18, 21]. For the reader’s convenience we repeat here what is essential
to our discussion later on.

Definition 3.1 ([21, Definition 10.1]). Let Q € R and H be a Hilbert space
consisting of functions f : Q — C. ‘H is called a reproducing kernel Hilbert

space (RKHS) and a kernel function K : Q X Q — C is called a reproducing
kernel for H if

(1) K(-,y) € H and (i) f(y) = (f,K(-,y))y, forall feHandallye Q,
where (-, )4 is used to denote the inner product of H.

Remark 3.1. In order to simplify our discussion and proofs, we let all kernel func-
tions be complex-valued and all function spaces be composed of complex-valued
functions in this paper. According to [16, Proposition 1.9.3], it is not difficult for
us to restrict the theoretical results to real kernel functions and function spaces.

3.1. Optimal Recovery in Reproducing Kernel Hilbert Spaces

Theorem 3.1 (Representer theorem [18, Theorem 5.5]). Let H be a reproducing
kernel Hilbert space with a reproducing kernel K defined on Q C RY and a
regularization function R : [0,00) — [0, 00) be convex and strictly increasing.
We choose the loss function L : Q X C X C — [0, ) such that L(x,y,-) is a
convex map for any fixed x € Q and any fixed y € C. Given the data D :=
{(x1,¥1),...,(xN,yn)}, With pairwise distinct data points X = {x1,...,Xy} C Q
and associated data values Y = {yi,...,yn} C C, the optimal solution (support
vector machine solution) sp 1 g of

N
min Zj L%,y fx) + R(IFllyo)
j:
has the explicit representation

aK(x,x), x€Q,
1

N
sp.Lr(X) =
k=

for some coefficients cy,...,cy € C.



3.2. Constructing Reproducing Kernel Hilbert Spaces by Positive Definite Func-
tions

Definition 3.2 ([21, Definition 6.1]). A continuous even function ® : RY — C is

called positive definite if, for all N € N and all sets of pairwise distinct centers

X = {x1,...,xy} C RY, the quadratic form
N N
D cE®(x; - x) = ¢'Agxe > 0, forall ¢ € C\(0).
=1 k=1

Here the interpolation matrix Ag x := ((D(x = xk))

NN

: T
- eCV™Nandce*=¢ .
Jik=

We say @ is even if ®(x) = ®(—x). This shows that @ is a positive definite
function if and only if A x is a positive definite matrix for any pairwise distinct
finite set X of data points in R?. The application and history of positive definite
functions can be seen in the review paper [8]. [21, Section 10.2] shows how to use
positive definite functions to construct RKHSs.

Theorem 3.2 ([21, Theorem 6.11]). Suppose that ® € C(R?) N L (RY). Then
® is positive definite if and only if ® is bounded and its Fourier transform @ is
nonnegative and nonvanishing (nonzero everywhere).

Remark 3.2. In this paper, the Fourier transform of f € L;(R?) is defined by

A

) 1= @my " f F)e 2y,
Rd

where i is the imaginary unit, i.e., i = —1.

Theorem 3.3 ([21, Theorem 10.12]). Suppose that ® € C(RY) N L,(R?) is a posi-
tive definite function. Then the space

Ho®") 1= (f € L&) N CERY : /O € LR,
equipped with the norm
A 1/2
o (@]
1 gty ray == {(270 @z fR ) %dx

is a reproducing kernel Hilbert space (native space) with reproducing kernel given
by
K(x,y):=®(x-y), xyeR

8



where ® and f are the Fourier transforms of ® and f, respectively. The inner
product in Hep(R?) has the form

(o) = 2x) " f JOBRE) 4 1 g € Hy®Y.
R DO(x)

Using Fourier transform techniques similar to those in Theorem 3.3, we can
employ positive definite functions to set up RKBSs (see Section 5).

4. Reproducing Kernels and Reproducing Kernel Banach Spaces

Now we give the definition of RKBSs as a natural generalization of RKHSs
by viewing the inner product as a dual bilinear product.

Definition 4.1. Let Q; and Q, be two subsets of R% and R% respectively, and B
be a Banach space composed of functions f : Q; — C, whose dual space B’ is
isometrically equivalent to a function space # with g : Q, — C. Denote that
K : Q, x Q; — Cis a kernel function.

We call 8B a reproducing kernel Banach space (RKBS) and K its right-sided
reproducing kernel if

@) K(,y) e F =8 and (ii) f(y) = {f,K(-,y))g, forall fe Bandallye Q.
If the Banach space B reproduces from the other side, i.e.,
(iii) K(x,-) € B and (iv) g(x) = (K(x,-), g)s, forallge F =B andall x € Q,,

then B is called a reproducing kernel Banach space and K its left-sided reproduc-
ing kernel.

For two-sided reproduction as above we say that 8 is a reproducing kernel
Banach space with the two-sided reproducing kernel K.

Remark 4.1. We know that the Riesz representer map on complex Hilbert space
H is antilinear, i.e.,

Tog(f) = {fo An = Afs O = Afs &) = ATo(f),

for all f, g € H and all A € C. Here we also let the isometrical isomorphism from
the dual space B’ onto the related function space ¥ be antilinear. Thus, the format
of two-sided RKBSs coincides with complex RKHSs, i.e.,

(K, ), g0 = (K. *), e = (F, K, 9)ge = f(y), forall f e Handally € Q,
which indicates that the RKHS is a special case of a two-sided RKBS.

9



Why do we define our RKBSs differently from [23, Definition 1]? The reason
is that we can show the optimal recovery in an RKBS even if it is only one-
sided. We do not require a reflexivity condition for the definition of our RKBS.
Moreover, since the dual space of a Hilbert space is isometrically equivalent to
itself, we can choose the equivalent function space ¥ = H such that the domain
of the reproducing kernel K is symmetric, i.e., &, = Q. Actually, the Banach
space 8 is usually not equal to any equivalent function space ¥ of its dual B’
even though we only require them to be isomorphic. We naturally do not need any
symmetry conditions in the Banach space. Therefore the nonsymmetric domain
is used to define the RKBS $ and its reproducing kernel K, i.e., Q, # €;. The
domain of K is related to both 8 and ¥ = B’. If we choose a different ¥ which is
isometrically equivalent to the dual $’, then we can obtain a different reproducing
kernel K of the RKBS B dependent on its equivalent dual space 7.

The functional K(-,y) can be seen as a point evaluation function J, defined
on B. This implies that 6, is a bounded linear functional on 8, i.e., 6, € 8. If
the Banach space 8 is further uniformly convex and smooth, then its semi-inner-
product and its normalized duality mapping are well-defined, which can be used
to set up the equivalent conditions of right-sided RKBSs, i.e.,

8, € B’ = ¥ which indicates that f(y) = (f,d,)s = [f,J,]s,

for all f € B and all y € Q, (see the discussions of the semi-inner products in
Section 2).

If B is a reflexive two-sided RKBS, then the equivalent dual space ¥ of B is
also a reflexive two-sided RKBS. All RKBSs and reproducing kernels set up in
Section 5 satisfy the two-sided definition but their domains can be symmetric or
nonsymmetric.

If a sequence {f,},~; € B and f € B such that ||[f — f,llg = 0 when n — oo,
then

lf@) = L)l = Kf = fu KC D8l S NIKC P 1f = fullg = 0,y € Qy,

when n — oco. This means that convergence in the right-sided RKBS 8 implies
pointwise convergence.

Suppose that B is a reflexive right-sided RKBS. We show that {K(-,y) : y € Q;}
is a linear vector space basis of ¥ and span{K(-,y) : y € Q,} is dense in F. Let
N be a completion (closure) of span{K(-,y): y € Q;} € F = B’ with its dual
norm. Now we prove that N = F = B’. Since [16, Theorem 1.10.7] provides
that # is also a Banach space, we have N C . Assume that N' & F. According

10



to [16, Corollary 1.9.7] (application of Hahn-Banach extension theorems) there is
an element f € 8 = B” = ¥’ such that ||f||g = 1 and f(y) = (f, K(-,y))s = O for
all y € ;. We find the contradiction between ||f|lg = 1 and f = 0. Thus the first
assumption is not true and then we can conclude that N = ¥ = $’, which indi-
cates that {K(-,y) : y € Q;} is a linear vector space basis of ¥ and {6y cye€ Ql}
is a linear vector space basis of B’.

Example 4.1. We give a simple example of a two-sided RKBS. Let Q, = Q, :=
{1,---,n}and A € C™" be a symmetric positive definite matrix. It can be decom-
posed into A = VDV*, where D is a positive diagonal matrix and V is an orthogonal
matrix. We choose p,g > 1 such that p~! + ¢! = 1. Define 8 := {f : Q; — C}
equipped with the norm

Ifllg == D79V f

We can check that 8 is a Banach space and its dual space B’ is isometrically
equivalent to F := {g : Q, — C} equipped with the norm

|- where f == (f(1), f)" .

lgllg :=||D7?V*g|| . where g :=(g(1),--,gn)" .

'

Moreover, its dual bilinear form is given by
(f.e)g =g A'f, forall feBandallgecB.
If the kernel function is defined by
K(j k) :=Aj, Jje, ke,
then the reproduction can easily be verified, i.e.,

(f- K. k)g = fk), keQ, and (K(j).g)s=g8()) Jj€.

Therefore B is indeed a two-sided RKBS.
(In the same way, we can also employ the singular value decomposition of a
nonsymmetric and nonsingular square matrix A to introduce the two-sided RKBS.)

4.1. Optimal Recovery in Reproducing Kernel Banach Spaces

It is well-known that any Hilbert space is uniformly convex and smooth. It
is natural for us to assume the right-sided RKBS is further uniformly convex and
smooth to discuss optimal recovery in it. The definitions of uniform convexity and
smoothness of Banach spaces are given in Section 2.

11



Given the pairwise distinct data points X = {xy,...,xy} € Q; and the associ-
ated data values Y = {yy,...,yn} C C, we define a subset of the right-sided RKBS
B by

Ns(X.Y):={f € B: f(x;)) =y, forall j=1,...,N}.

If Ng(X, Y) is the null set, then there is no meaning for the SVMs. So we need to
assume that Ng(X, Y) is always non-null for the given data sites. Actually we can
show that Ng(X, Y) is non-null for any data values Y if and only if 9, ..., 0y, are
linearly independent on 8 because ZQL] cr0y, = 01f and only if ZQL] cf(xp) =0
for all f € B, and moreover, ¢ = (cy,- - ,en)! = 0if and only if b*¢ = 0 for all
beCV.

In this section, we suppose that 0y, ...,0y, are always linearly independent
on B for the given pairwise distinct data points X, which is equivalent to the fact
that K(-, x;), ..., K(-, xy) are linearly independent. We use the techniques of [23,
Theorem 19] to verify the following lemma.

Lemma 4.1. Let B be a reproducing kernel Banach space with a right-sided re-
producing kernel K defined on ©Q; x Q; € R®% x R%. Suppose that B is uni-

formly convex and smooth. Given the data D = {(x1,y1),...,(Xn,yn)} With
pairwise distinct data points X = {x1,...,xy} C Q, and associated data values
Y ={yi,...,yn} CC, the dual element sy, of the unique optimal solution
Sp = arjgn;in {||f||B o f(xp) =yj, forall j=1,. ..,N}, 4.1)
€.

is the linear combination of K(-, x1),...,K(-,xy), i.e.,

N

spx) = > aK(x,x), x €.
k=1

Proof. We first prove the uniqueness of the optimal solution of the minimization
problem (4.1). Let us assume that the minimization problem (4.1) has two opti-
mal solutions sy, s, € 8 with s; # 5,. Since 8B is uniformly convex, [16, Corol-
lary 5.1.12] provides that ||3 (s1 + 52)||,; < 3 lIs1llg + 3 lIs2lls. Then [Isillg = lIs:ll
shows for s3 := %(sl + 55) that ||ss3llg < |Is1llg and s3 € Ng(X,Y), i.e., 51 is not
an optimal solution of the minimization problem (4.1). The assumption that there
are two minimizers is false.

Next we show the existence of the minimizer. The minimization problem (4.1)
is equivalent to mingen,x.v) |l fllg. Since convergence in a one-sided RKBS 8 im-
plies pointwise convergence, we can check that Ng(X, Y) is a closed convex sub-
set of 8. Combining this with the uniform convexity of 8B, [16, Corollary 5.2.17]

12



shows that Ng(X, Y) is a Chebyshev set (see [16, Definition 5.1.17]). Thus an
optimal solution min ren,x.y) Il fllg €xists.

Because Ng(X, Y)+N3g(X, {0}) = Ng(X, Y) and Ng(X, {0}) is a closed subspace
of B we can determine that the optimal solution sp is orthogonal to Ng(X, {0}),
1.e., |lsp + hllg > |Ispllg for all & € Ng(X, {0}). Since B is uniformly convex and
smooth, the dual element s7, of sp is well-defined and

[h, splg = <h, sp)g = 0, for all h € Ng(X,{0}),
which implies that
sp € Ng(X, (0D ={ge F =B: (hgs=0, forall h € Ng(X,{0})}.
It is obvious that
Ns(X.0) = {f € B: f(x) = (£ KC.x))5 =0, j=1,....N|
={f € B: (f.h)s =0, forall h € span {K(-, xp)}i_,} = “span (K(, x0)}L, -

According to [16, Proposition 1.10.15], we have

55 € (Lspan {K(-,xk)},ivzl)L = span{K(-,x1),...,K(-, xy)}.

Here N and “ N, denote the annihilator of NV; in 8’ and the annihilator of N, in
B, respectively, where N C B and N, C B’ (see [16, Definition 1.10.14]). O

Now we verify the representer theorem for SVMs in a right-sided RKBS.

Theorem 4.2. Let B be a reproducing kernel Banach space with a right-sided
reproducing kernel K defined on Q,xQ, € R?xR%, and a regularization function
R : [0, 00) — [0, ) be convex and strictly increasing. Suppose that B is uniformly
convex and smooth. We choose the loss function L : Q) XxCxC — [0, co) such that
L(x,y,-) is a convex map for any fixed x € Q; and any fixed y € C. Given the data
D :={(x1,y1),...,(xn, yn)} with pairwise distinct data points X = {xy,...,xy} C
Q, and associated data values Y = {y,,...,yn} C C, the dual element of the
unique optimal solution (support vector machine solution) sp 1 g of

N
IpeglFZIL(xj,yj,ﬂx,-)) + R(If5). (42)

13



has the explicit representation

N
SIB,L,R(x) = Z K (x,x1), x €8y,
k=1
for some coefficients cy,...,cy € C.

Proof. Let

N
Tora(f) = ) L(x;y), f(x)) +R(Ifllg), feB.

J=1

The minimization problem (4.2) is equivalent to minseg T z(f). Since B is uni-
formly convex and R is convex and strictly increasing, the regularization f +—
R (||f]lg) is continuous and strictly convex. Because the B-norm convergence im-
plies the pointwise convergence and L(x i Yis ) is convex forall j = 1,...,N,

the mapping f — Z?/: L (x Y, fx j)) is also continuous and convex. This indi-
cates the continuity and strict convexity of 7T z. Using the increasing property
of R, we can check that the set {f € B: Tprr(f) < Tprr(0)} is nonempty and
bounded. Moreover, the uniformly convex norm implies its reflexivity by the
Milman-Pettis Theorem [16, Theorem 5.2.15]. Thus the existence of minimizers
theorem [18, Theorem A.6.9] gives the existence of the unique solution sp ;g to
minimize T g over B.

We fix any f € B and let Dy := {(xk,f(xk))}szl. According to Lemma 4.1,
there exists an element sp, whose dual element sgf € span{K (-,xk)}Q’=1 such that

sp, interpolates the data values {f(x)};_, at the centers points X = {x;}}_, and
|Isn,||,; < I1fll5. This indicates that

Tprr(sp,) < Tprr(f)-

Therefore the dual element SD.LR of the optimal solution sp ; g of the minimization
problem (4.2) belongs to span {K(:, xk)}fcvzl.
O

Remark 4.2. Since K(-, x;) can be seen as a point evaluation functional 6, defined
on B, it indicates that the dual element of sp; x can be also written as a linear
.. . «  _ N
combination of dy,, ..., 0y, 1.€., SpLr = 2j=1 CjOx;-
The uniform convexity and smoothness of B imply the uniform convexity and

smoothness of its dual 8’ = F. If B is a left-sided RKBS satisfying uniform
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convexity and smoothness conditions, then we can further perform optimal recov-
ery in ¥ in the same way, i.e., the dual element of the optimal solution (SVM
solution) of

N
in, Z; L(xj,y,8(x)) + R(lgllz ).
]:
is a linear combination of K(xy, ), ..., K(xy,), where X = {x;,...,xy} € Q, and

L:Q, xCxC — [0,00).

Moreover, since the normalized duality mapping is an identity mapping on
the Hilbert space and the reproducing kernel of an RKHS is symmetric, optimal
recovery in RKBSs as in Theorem 4.2 can be seen as a generalization of optimal
recovery in RKHSs as in Theorem 3.1.

Since the normalized duality mapping is one-to-one, for any fixed ¢ € CV,
there exists an unique s, € B such that its dual element has the form s; =
ZkN:1 cK(,xp) = k§c, where ky := (K(,x1),-- ,K(,xy)  and ¢ := (c1,--- ,cn)’.
According to Theorem 4.2, the SVM (4.2) can be transformed to solve a finite-
dimensional optimization problem, i.e.,

N
Copr := argmin Z L (xj,yj, Sc(xj)) + R (Ilscllg) ,

ceCN j=1

and the dual element of the SVM solution has the form s, ; , = kyCopr-

Now we want to show that these optimal coefficients ¢,,, can be computed by
a fixed point iteration method similar as in [17]. Suppose that L(x,y,-) € C'(C)
forall x € Q; and all y € C, and R € C'(]0, )). Let

(ﬁj((;) = [K(ax])a k§c]3' = [K(ax])a S:]B” (S CN’ .] = 1’ v ’Na

and q
L'(x,y,t) := aL(x, v,t), x€Q, yeC,

where % represents the Wirtinger derivative defined by
— = —(— - i—), where ¢t = u + iv with > = —=1 and u, v € R.

Thus we have
Sc(xj) = <SC, K(,xj)>8 = [Sc’ K(’xj)*]B = [K(',xj)’ Si]B’ = ¢j(c)’ ] = 1’ oo ’Na
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and

N N

Isclly = [Ses Sels = (Ses 5005 = Y TSe, K(,X))s = Y Td5(€) = €' (c),

J=1 J=1

where ¢* := ((/)’f, e ,¢;*V)T. Denote that

N
T or(©) = Y L(x;,y,03(0)+R (V'™ (@) = D L(x}, 3, se(x)) + R (lsells) -
j=1

J=1

Since ¢, 1s the global minimizer of 7, p.LR OVer CV, Copt 1S a stationary point of
Torr 1€ VI p(€op) = 0. We compute the gradient of 77, . by Wirtinger
partial derivatives, i.e.,

* T ’ * T * R/( c*¢*(c)) * *
VT pr(€) = I, (¢7(c)) Vo (c) + ¢’V (c),

c*¢’(c)

’ * ’ * ’ * r * 0 %* N.N .
where I, (¢7) := (L (X1, y5,070), -, L'(xy, Y, (/)N)) and V¢~ := (a—qrbj)jk:l is the
Jacobian (gradient) matrix of ¢* by Wirtinger partial derivatives. The optimal
solution ¢, is also a fixed point of the function F ;3’ LR i.e.,

FBL,R(Copt) = copta

where
Fpop(€) = ¢+ VT), x(c), ¢ € CM\{0}. 4.3)

Corollary 4.3. Suppose that the loss function L(x,y,-) € C}(C) for all x € Q, and
all y € C, and the regularization function R € C'([0, )). Then the coefficients
¢ of the dual element s, ; , of the support vector machine solution sp g given in
Theorem 4.2 is a fixed point of the function F}, ; . defined in Equation (4.3), i.e.,
Fp o rle) =c.

Remark 4.3. Even though we can obtain the coefficients of s7, , . by the fixed point
iteration method, it is still difficult for us to recover the explicit form sp ; z in many
cases. In Section 5 we discuss how to obtain the SVM solutions in RKBSs induced
by positive definite functions (see Theorem 5.4). In that setting the coefficients
of the explicit form are also computable by a fixed point iteration method for
differentiable loss functions and regularization functions.

16



5. Constructing Reproducing Kernel Banach Spaces by Positive Definite Func-
tions

Now we construct RKBSs based on positive definite functions in a way similar
to the construction of RKHSs in Theorem 3.3. Let 1 < p,g < coand p~'+¢7! = 1.
Suppose that ® € C(RY) N L;(RY) is a positive definite function. According to
Theorem 3.2, we know that ® € L;(RY) N C(RY) is nonnegative and nonvanishing.
We define

Bg(Rd) = { feCRY)NSTI : the distributional Fourier transform f of f is

a measurable function defined on R? such that f /Ci)” 1€ Lq(Rd)} ,
(5.1)

equipped with the norm

f(x)|q l/q
p pay 2= | (2 —d/Zf |A—d ’
||f||z;d,(R) (( ) rd D(x) x)

where S7 is the collection of all slowly increasing functions (see [21, Defini-
tion 5.19]). We define B%(Rd) in an analogous way as above.

Remark 5.1. Following the theoretical results of [12, Section 7.1] and [19, Sec-
tion 1.3] we can define the distributional Fourier transform 7 € . of the tem-
pered distribution 7 € .’ by

. T)y :=#T)y, foralye.?,

where . is the Schwartz space (see [21, Definition 5.17]) and . is its dual
space with the dual bilinear form (-, -) . We can also verify that C(RY) N ST C
L“(RY) N ST is embedded into ..

When p > ¢, then & € L (R)NC(R?) implies that /7 € L;(R?) which will be
used in the proof of the following theorem. We also need to impose an additional
symmetry condition on ®4/7 € L;(R%) which is needed in the proof. Since p/q =
p—1and g/p = g — 1, this condition can be represented as ®™"P41-1 ¢ L, (RY).

Since we can denote the positive measure ¢ on R? as

d
UA) = (2m)~4? f A_x for any open set A of R,
A O(x)
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[16, Example 1.2.6] provides that the space L,(R?; u) is well-defined on the posi-
tive measure space (R?, B, W), i.e.,

Lq(Rd;p) = {f ‘R4 > C: f 1s measurable and f [f ()| du(x) < 00},
R4

equipped with the norm

1/q
1l ey 1= ( fR e dy(x)) .

L,(R% ) is also defined in an analogous way. [16, Example 1.10.2 and Theo-
rem 1.10.7] show that Lq(Rd ;) 1s a Banach space and its dual space Lq(Rd )
is isometrically equivalent to L,(R%; 1) In analogy to the representation theorem
on Hilbert space, the bounded linear functional 7, € Lq(Rd; )’ associated with
g € L,(R% p) is given by

1) = [ AR, forall £ € L(R%p)

Here, this isometric isomorphism from Lq(Rd; ()" onto LP(R" ; ) 1s antilinear, just
as the dual of complex Hilbert spaces, i.e.,

Ta(f) = f f(x)Ag(x)du(x) = zTg(f), for all f € Lq(Rd;,u) and all 1 € C.
R4

If we can show that 8} (R?) and L,(R?; 1) are isometrically isomorphic, then
Bg)(Rd) is a Banach space and its dual space Bg(Rd)’ is isometrically equivalent to
LP(R" ;). One can argue analogously for Bé(Rd) = LP(R" ;). If we can further
verify the two-sided reproduction of 85 (R?), then B} (R?) is a two-sided RKBS.

Theorem 5.1. Let 1 < p,q < oo and p~' + q~' = 1. Suppose that ® € L,(RY) N
C(R?) is a positive definite function on R¢ and that Qminipg)-1 ¢ L,(RY). Then
Bg)(Rd) given in Equation (5.1) is a reproducing kernel Banach space with the
two-sided reproducing kernel

K(x,y):=®(x—-y), x,yeR"

Its dual space B4 (R?) and BE (R?) are isometrically isomorphic. Moreover, B, (RY)
is uniformly convex and smooth.

In particular, when p = 2 then Bé(Rd) = HoRY) is a reproducing kernel
Hilbert space as in Theorem 3.3.
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Proof. For convenience, we assume that p > g. We first prove that Bg(Rd) and
L,(R?; ) are isometrically isomorphic. The Fourier transform map can be seen as
a one-to-one map from B{;(Rd) into Lq(R" ; ). We can check the equality of their
norm

o (e ) NIRRT
||f||3g(Rd):((2n) ar fR e :( fR i) du(x)) = 71l ey -

So the Fourier transform map is an isometric isomorphism. Now we verify that
the Fourier transform map is surjective. Fix any h € L,(R?; ). We want to find
an element in be(Rd) whose Fourier transform is equal to 4. We conclude that
h € L;(RY) because

1/q 1/p
Ih(x)| dx < ( f Vf(x)lqu) ( f é)(x)l’/qu) < 0.
RY r¢ D(x) Rd

Thus, the inverse Fourier transform of & given as h(x) = (27) ™4/ fRd h(y)e'™' ¥dy

is well-defined and an glement of C(RY) N S7. This indicates that h = h and
h € B)(RY) because (h,y)s = (h,¥)y = (h,y) for all y € .. Therefore
B (RY) is isometrically equivalent to L,(R?; p1).

Using 77 = ! € L;(R?) we can also prove that 8%(R?) = L,(R?; x) in an
analogous way. Therefore B?D(Rd) is isometrically equivalent to the dual space of
BLH(R).

We fix any y € R?. The Fourier transform of K(,y) is equal to IAcy(x) =
d(x)e™". Since 7! € L;(R?) we have k, € L,(R?; ). Thus K(-, y) can be seen
as an element of B (R?) = B (R?Y. In addition, K(x,-) € 85 (R?) for any x € R?
because 7! € L;(RY) and (K(x, -))A: ke € L,(R% 1) by @ = @(—).

Finally, we verify the right-sided reproduction. Fix any f € 8, (R?) and y €
RY. We can verify that f € L;(R?) as in the above proof. Moreover, the continuity

of f and £ allows us to recover f pointwise from its Fourier transform via
@) = fx) = @m) " fR Fwedy.
Thus, we have
KO gty = (ol o = fR feok @)

fx)d(x)eix"y

=2 —d/2 _
(o) Rd D(x)

dx = 2n) ™" fR d Fx)e™ Ydx = £(y).
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In the same way, we can also verify that Bg(Rd) satisfies the left-sided reproduc-
tion property, i.e.,

(K(x, ')’g>B§>(Rd) = <l%x’§>Lq(Rd;y) = fRd g@)%‘i“()’) = @

for all g € B! (RY) = B, (RY) and all x € R?. Therefore 85 (R?) is an RKBS with
the two-sided reproducing kernel K.

Since B4 (RY) = L,(R%; p) is reflexive and K is even, the dual space 85 (R?)’ =
Bf’D(Rd) is also an RKBS with the two-sided reproducing kernel K.

Because Lq(Rd ;) and LP(R";y) are uniformly convex and smooth by [16,
Theorem 5.2.11 and Example 5.4.8]. Bg(Rd ) and BZ)(Rd) are also uniformly con-
vex and smooth. |

Remark 5.2. We can combine our result with [16, Proposition 1.9.3] to conclude
that the restriction of Bg)(R") to the reals is also an RKBS with the two-sided
reproducing kernel K and its dual is isometrically equivalent to the restriction of
B (RY) to the reals. It is well-known that the RKHS of a given reproducing kernel
is unique. Theorem 5.1, however, shows that different RKBSs may have the same
reproducing kernel. We will provide an example for this in Section 6. Moreover,
the proof of Theorem 5.1 provides that Bg(Rd) with p > 2 is still a right-sided
RKBS without the additional condition ®¢! € L,(RY).

According to [21, Theorem 10.10] any positive definite kernel can be used to
construct an RKHS. We may extend the positive definite kernel into an RKBS.

Corollary 5.2. Let 85 (R?) with p > 2 be defined in Theorem 5.1. Then B, (R?) C
L,(R%).

Proof. We fix any f € Bg)(R"). According to the proof of Theorem 5.1, we have
f € L,(R?) because

R q
f |f(x)|q dx < 2m)*? [f |f(x)| dx) (sup CTD(x)) < co.
R re O(x)

X xeRd

The Hausdorft-Young inequality [12, Theorem 7.1.13] provides that f = f €
L,(R?) because 1 < g < 2. o

Remark 5.3. The RKBS 87 (R?) with p > 2 can be precisely written as
Bg(Rd) = { fe L,,(Rd) N C(RY) : the distributional Fourier transform f of f

is a measurable function defined on RY such that f /dA)l/ 1¢e Lq(Rd)} .
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However, B, (R?) ¢ L,(RY) with 1 < p < 2 because the Hausdorff-Young in-
equality does not work for g > 2.

We fix any positive number m > d/2. According to [21, Corollary 10.13], if
there are two positive constants Cy, C, such that

-m/2

-m/2 A
Cr(1+1xB) " < D@ <G (1+1x3) . xeRY

then the RKHS B3 (RY) = Hy(RY) and the classical Lp-based Sobolev space
W (R?) = H™(R?) of order m are isomorphic, i.e., Hop(RY) = H™(RY).

Following the ideas of RKHSs, we can also find a relationship between RKBSs
and Sobolev spaces. Let f,,(x) := (1 + ||x||§)m/2 f(x) with p > 2. The theory of
singular integrals then shows that f belongs to the classical L,-based Sobolev
space W;,"(Rd) of order m if any only if the function f,, is the Fourier transform
of some function in L,,(Rd), and the L,-norm of the inverse Fourier transform f;,
is equivalent to the Wj-norm of f (much more detail is mentioned in [1, Sec-
tion 7.63] and [12, Section 7.9]). Using the Hausdorft-Young inequality, we can
get || f IIW;;i(Rd) <C || meL & <CJ fm”Lq(Rd) for some positive constant C indepen-
dent of f. Following these statements, we can introduce the following corollary.

Corollary 5.3. Let the positive definite function ® be as in Theorem 5.1 and
Wﬁ(Rd) be the classical L,-based Sobolev space of order m > pd/q—d/q. Here q
is the conjugate exponent of p > 2. If there are two positive constants Cy, C, such
that

-m/2 a -m/2
Cr(1+xl) " < d@) 7 <Gy (1+1xl3) ", xeRY

then BY(R?) is embedded into W}'(R%), i.e.,

P (pd d
||f||WZﬂ(Rd) < C”f”z;g)(Rd) > f € B@(R ) c W;:(R )
for some positive constant C independent on f.

Remark 5.4. Here the lower bound for m is induced by the condition that ®7/? €
L;(R%). According to Corollary 5.3, the dual space Wy ™(R¥) of the Sobolev space
Wr(RY) is embedded into the dual space Bj(R?) of the RKBS B (R). It is
well-known that the point evaluation functional ¢, belongs to W;’"(Rd) (see [1,
Section 3.25]) which coincides with 6, € Bg)(Rd)’.

Since K(-,x1), ..., K(-, xy) are linearly independent in 8 (R?) = B} (RY) for
any pairwise distinct data points X = {xy,...,xy} C RY, &,,,...,0,, are linearly
independent on Bg(Rd ). Combining Theorems 4.2 and 5.1, we can solve the em-
pirical SVM solution in B} (R?) with p > 1.
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Theorem 5.4. Let Bg)(Rd) with p > 1 be defined as in Theorem 5.1 and the
regularization function R : [0,00) — [0, 00) be convex and strictly increasing.
We choose the loss function L : R? x C x C — [0, 00) such that L(x,y,) is a
convex map for any fixed x € R? and any fixed y € C. Given the data D :=
{(x1,1), ..., (xn, YN} With pairwise distinct data points X = {x,...,xy} C R?
and associated data values Y = {yi,...,yn} C C, the unique optimal solution
(support vector machine solution) sp g of

N

min Llxi,v:,f(x))+R o), 52
feBLED 4 ( 5 i I J)) (”f”%(R‘>) (5.2)

has the explicit representation
p—2
dy, xeRY

N

Sp,LR(¥) = (27T)_d/2f d(y)r! Z e’ 0"
R4

k=1

N
—ixT
=1

(5.3)

for some coefficients cy,...,cy € Cand i? = —1.

Proof. Using Theorems 4.2 and 5.1, the dual element of the SVM solution sp ; &
of the SVM (5.2) is a linear combination of K(-, x{), ..., K(:, xy), 1.€.,

N N
Shra®) = D bKx,x) = > bi®(x—x), xeR!, bi=(by,- by eC",

k=1 k=1

Suppose that sp g 1s not trivial. According to the proof of Theorem 5.1, the
%dentity element of s, ; , € BE(R?) in L,(R%; ) is the Fourier transform of s7, ; .,
Le.,

N
fi(x) = T(SZ’LR) (x) = Z bidx)e ™ *, xeR?

k=1
The dual element of f; € L,(R?; u) in L,(RY; w) has the form

N RCLVAC)

= p— ,
”ngL,,(Rd;/J)

Because the dual element of s, , in B (RY) is equal to the identity element of

fi € Lq(Rd;,u) in B{")(Rd), which is the inverse Fourier transfer of f;, we can
determine that

£1(x) x e R

N N P2
spLr(®) = F 7 (f) () = o) f Doyt ) al ) e dy,
R k=1 I=1
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. . . q-2
and the coefficients are given by ¢; := || fs L (R,, #) ||SD,L,R|| 8 (R4) by for all

k=1,...,N, where ¢ is the conjugate exponent of p.
m]

Remark 5.5. In particular, if p is an even positive integer, then sp ;1 ¢ s also a linear
combination of some kernel function translated to the data points X. For example,
when p = 4, then

N,N,N N,N,N
SD.LR = Z Ck, Ckzck3(1)3 ( = Xy, + X, — xk3) = Z Cry Ckzck37(3 ("xklaxkz’xkg) s
ki,ko k3=1 ki,ko kz=1

where the kernel function %G(x,y,,¥,,¥3) := ©3(x —y, +y, — y;) and @3 is the
inverse Fourier transform of ®3. Moreover,

4/3 -2/3 -2/3
| BIRY) ||SDLR||BP(Rd) [SD.LR> SDLR]B” 8L (RA) (SD.L.Rs SDLR>31’ RY)
N N,N,N,N
= Z ci{Sp.L.r, K, %) g gty = Z CjCk, Ciy Cis K3 (xj, Xi, s Xy xk3) .
J=1 ki ko kz=1

We can observe that the coefficients of the SVM solution sp;  given in The-
orem 5.4 differ from the coeflicients of its dual element s, ; . only by a constant
factor. As in Corollary 4.3, the coefficients of sp; x can also be computed by the
fixed point iteration method. For any fixed ¢ := (cy, - - -, en)! € CN, we can define
a unique function s, € B (R") as in Equation (5.3). Let

N N =2

Mw:&umﬂmﬂﬁf®w”§] dIY N e dy, eec,

k=1 =1

forall j=1,...,N,and ¢ := (¢y,--- ,dy)". Thus we have

N

I5elgy oy = lscll gy CSer SO mpeay = D T5en KO XDy r = €' (0.
j=1

Here ¢ is the conjugate exponent of p. Denote that

ToLr(c) ==

7'M2

N
L (xj,yj, ¢j(c))+R ((c*q)(c))l/q) = Z L (xj,)’j, sc(xj))+R (||Sc||B;(Rd)) .
=1
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It is easy to check that the coeflicients of sp; g are the minimizers of 7 gz over
CVM,ie.,
Copr = argmin Tpy r(c) such that sp g = s,
ceCN

Suppose that L(x,y,-) € C}(C) for all x € R? and all y € C, R € C!([0, o)) and
p > 2. We can compute the gradient of 7z by Wirtinger partial derivatives in
the form

R’ ((e"p(e))'")
24 (N’ ¢

where I, (§) := (L' (x1,y1,¢1), -+ , L'(Xn, s ¢N))T and the entries of the Jacobian

d‘ ) V . P N,N
(gradient) matrix V¢ := ((9_q¢j) k=1

VTo.Lr(€)" =1 (§(c))" Ve(e) + V(o)

by Wirtinger partial derivatives have the forms

p—2

dy.

N

—ixT
§ cle ix; y

=1

0 D —d/2f & \p—1_itx;—xi)Ty
aCkaﬁ](C)— 2(27T) RdCD(v) et

Moreover, ¢, is the stationary point of V7 ; x which indicates that ¢, is a fixed
point of the function

Fprr(e):=c+VTprr(c), ¢eC. (5.4)
Therefore, we can introduce the following corollary.

Corollary 5.5. Suppose that the loss function L(x,y,-) € C'(C) for all x € R and
all y € C, the regularization function R € C'([0, 0)) and p > 2. Then the coeffi-
cient vector c¢ of the support vector machine solution sp g given in Theorem 5.4
is a fixed point of the function Fp | defined in Equation (5.4), i.e., Fpr(c) = c.

Remark 5.6. The coefficients ¢ := (cy,---,cy)’ of the SVM solution Sp.Lr In
B‘;(R‘l) differ from the coefficients b := (by,--- ,by)" of its dual element s}’),L’R
in B! (R?) only by a constant factor. Both coeflicient vectors b and ¢ are fixed
points of the functions F' D.LR @S in Equation (4.3) and Fp 1 £ as in Equation (5.4),
respectively. Roughly speaking, F7, ; , can be seen as a conjugate of Fp ;g Much
more contents of these fixed point iteration algorithms for the binary classification
problems will be deeply discussed in our next papers.

We now use the techniques of [3, Theorem 6] to set up a two-sided RKBS
defined on a subset Q of R?.
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Theorem 5.6. Let the positive definite function ® be as in Theorem 5.1 and Q C
RY. Then the function space

BL(Q) = {h . there exists a function h € B5(RY) such that flo = h} ,
equipped with the norm

1hllgr oy := Inf || fllgr gay S-T. flo = h,
B2 (Q) feB @) B (RY) f

is a reproducing kernel Banach space with the two-sided reproducing kernel
Klraxa(x,y) := ®(x —y), x€R’ yeQ,

where flq stands for the restriction of f to Q. Its dual space BL(Q) is isometri-
cally equivalent to a closed subspace of BZ)(R") (the annihilator of Ny in BZ)(Rd) )

Ni =g € BERN = BLRY : ([, @)gpue) = 0, forall f € N},
where q is the conjugate exponent of p > 1 and
No:={f e BHRY : fla =0}
Moreover, B (Q) is uniformly convex and smooth.

Proof. Since convergence in a two-sided RKBS Bg)(Rd) implies pointwise con-
vergence, we can determine that N is a closed subspace of Bg(Rd). According to
the construction of 85 (Q), B (Q) is isometrically equivalent to the quotient space
BL (R[N, (see [16, Definition 1.7.1 and 1.7.3]). Thus B4 (Q) is a Banach space
by [16, Theorem 1.7.9 and Corollary 1.11.19].

Next we use the identification of (BQ(R")/NO), = Nj to verify the two-sided
reproduction (see [16, Theorem 1.10.17]). Let K be the reproducing kernel of
BE(R") given in Theorem 5.1. We fix any y € Q. Since

([ KC.Y)gyway = f(y) =0, forall f e Ny,

’

we have K(-,y) € Ny = (Bg(Rd)/NO) = B/ (Q). Combining this with the right-
sided reproduction of Bg(R"), we have

(h, K(',y»Bg)(Q) =(Eh, K('»J’»Bg(Rd) = (ER)(y) = h(y),
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forall h € Bg(Q) and all y € Q, where E is the extension operator from Bg)(Q) into
B‘Z)(R‘Z) such that Eh|o = h and ||Eh||$5b(Rd) = Ilh”gg(g). Since K(x, -)|q € Bg)(Q) for
all x € R?, we can also obtain the left-sided reproduction of B{;(Q), 1.e.,

(K(x, ')lQ,g>Bg(Q) = (K(x, -),g>3g(Rd) = g(x),

for all g € Ny = B5(Q). Therefore B (Q) is an RKBS with the two-sided
reproducing kernel Klriyq.

Since Bg(Rd) is uniformly convex, [16, Theorem 5.2.24] provides that Bg,(Q) =
B (RY)/Nj is uniformly convex. We also know that B} (R?)’ = L,(R%; w) is uni-
formly convex and Nj is a closed subspace of B4 (R?Y) = B85 (R?) by [16, Propo-
sition 1.10.15]. Combining with [16, Proposition 5.1.20 and 5.4.5], we can also
check that B} (Q) is smooth. m]

Remark 5.7. When p = 2, then we know that B2 () is a Hilbert space by The-
orem 5.1. Thus the dual space and the space itself are isometrically isomorphic
such that the reproducing kernel becomes K|oxq. Since Bﬁ)(Rd) = Ny ® N7, we

can determine that {glg i g€ NOL} = Bé(Q) and Hg”pr(Rd) = ||g|Q||33D(Q) for all
g € Nj which implies that B3(Q) = Nj = B3(Q) and B3(Q) has the inner
product

(hl,hz)gé(g) = (hl,h2>3§)(g) = (Ehy, Ehz)sé(Rd) = (Ehy, Ehz)ggfb(Rd),

for all by, hy € B3(Q). Therefore B5(Q) is an RKHS. Moreover, since K(-,y) €
NOl for any y € Q, we have E (K(-,y)lo) = K(-,y). This shows that K|oxo is a
reproducing kernel of B2 (). This conclusion is the same as in [3, Theorem 6].
If the RKBS is even a Hilbert space, then we can choose an equivalent function
space of its dual as itself such that its reproducing kernel has symmetric domains.
The difficulty to find an equivalent function space of the dual of RKBS, which is
defined on the same domain of the RKBS, causes the domains of its reproducing
kernel to be nonsymmetric. Theorems 5.1 and 5.6 provide us with examples of
symmetric and nonsymmetric reproducing kernels of RKBSs, respectively.

Suppose that the positive definite function ® given in Theorem 5.1 has a com-
pact support Qg. Because of the positive definite properties of @, its support
supp(®) = Qg with the origin is symmetric and bounded. Let Q,; and Q, be two
subsets of R? such that the complement Q¢ includes Q5 +Qg. We fix any y € .7 so
that its support supp(y) € €25. Since the convolution function y * ® € Bg(Rd) and
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its support supp(y * ®) C supp(y) + supp(P) C Qf + Qg C Qf, we can determine
that y = ® € Ny with Q := Q,. For any g € N, we have

f YZEdx = f $(0Fdx = f 7> PR 1y = (y 4 @, g) gy = O
R RY R D(x) @

which indicates that glo; = 0. According to this result we can deduce that g = 0 if

and only if g € N and glo, = 0. This means that the restriction map of Ny to
is one-to-one. Thus the normed space

B() :={¢p:Qy > C: ¢ = glg, for some g € Ny}

equipped with the norm ||¢[lgq,, = IIgIIBg(Rd) is well-defined and it is obvious

that B(Q,) = Ny . Under these additional conditions, the dual space of Bg(Ql)
defined in Theorem 5.6 can be even isometrically equivalent to a space composed

of functions defined on Q,, i.e., BL(Q) = Ny = B(Q,). In this case B (Q) is

also an RKBS with the two-sided reproducing kernel K|q,xq, -

Corollary 5.7. Suppose that the positive definite function ® given in Theorem 5.1
has a compact support Qq in R Let Q; and , be two subsets of R such that the
complement Q| includes 5 +Qq. Then Bg)(Ql) with p > 1 defined in Theorem 5.6
is a reproducing kernel Banach space with the two-sided reproducing kernel

KlexQI(x,y) = (D(x_y)’ XEQZ» yEQI-

If the subset Q is a regular domain, then the definition of weak derivatives
(see [1, Section 1.62]) provides that flo € W}'(Q) and || f IQIIW;;1(Q) <|If ”W;)n(Rd) for
all f € W;,"(Rd), where W;,"(Q) is the L,-based Sobolev space of order m. Now we
use the embeddings of Bg(Rd) given in Corollary 5.3 to derive the embeddings of
B{;(Q). We fix any & € BQ(Q). According to Corollary 5.3, we have

IAllwn) < IERwn@sy < CIERlg gy = Clhllgr ), € By(Q) € W€,
for some positive constant C independent on /.

Corollary 5.8. Let © be a positive definite function and m > pd/q — d/q be as in
Corollary 5.3. Here q is the conjugate exponent of p > 2. Suppose that Q C R?

is regular. Then B (Q) defined in Theorem 5.6 is embedded into the L,-based
Sobolev space of order m, W (Q), i.e.,

IAllwny < Cllkllgr ), h € By() € W),

for some positive constant C independent on h.
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6. Examples for Matérn Functions

[9, Example 5.7] and [22, Example 4.4] show that Matérn functions (Sobolev
splines) with shape parameter 6§ > 0 and degree n > d/2

1-n-d/2

Ga,n(x) = n—d/ZF(n)QZH—d

@ llxll)" " Kyp-n@lIxll), x €RY,

are positive definite functions on R, where t — K,(¢) is the modified Bessel
function of the second kind of order v and r — I'(¢) is the Gamma function.
Moreover, Gy, 1s a full-space Green function of the differential operator Ly, :=

n

(921 - A) ,1.e., Ly,Gy, = 69. The Fourier transform of Gy, has the form

Gonlx) = (% +IxI3) ", xeR

Letl < ¢ <2 < p < oowith p' + ¢! = 1 such that ng/p > d/2 and
m := 2n/q. Since (A?g’l;”{p 41 ¢ L,(R?), Theorem 5.1 provides that B, (RY) is an
RKBS on R? with the two-sided reproducing kernel Ky, (x,y) = Gg(x — y). We
can also check that there are two positive constants C, C, such that

-m/2

-m/2 A
Cr(1+11x13) " < Gou()1 < Co (1 + 1x13) x e R

According to Corollary 5.3 and 5.8, the RKBS B’égn(Rd) is embedded into WIT(R‘Z)
and the RKBS BZM () is embedded into W;”(Q) for any regular domain Q of R%.

In particular, when p := 4, then (A}Z’n = GAg,gn. According to the discussion of
Theorem 5.4 and Remark 5.5, the optimal solution of the SVM

N

min Z L(xj,y, f(x))) + R (”f”B“GM(Rd)) ;

rest,, 5 45

has the explicit representation

N,N,N

Z Cr, C]QC]CSGQ’:;” (x = X, + Xp, — xk3)
kl,kz,k3:1

N,N,N
— - d
- Z Ck] Ckzck3(](9,3n (x, xk1 ) xkz, xk3) ’ xeR ’

ki.,kyk3=1

Sp.L.Rr(X)
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and its coefficients ¢ = (cy,--- , cy)’ are obtained by solving the following mini-
mization problem

N N,N,N
manL X Vs Z Cklckzck37(9,3n (xja xk|’xk2’xk3)

ceCN &

j=1 ki ko kz=1
N.N.N.N 34
+R § CiCh, Cho Chy Ko 3n (xj’ Xkis Xy xk3) )
Jok1.k2 k3=1

where Ky3,(x,¥1,¥5,¥3) := Gozu(Xx =y, + ¥, — y3), and the loss function L and the
regularization function R are the same as in Theorem 5.4. More generally, when
p is even, then the SVM solution sp 1 £ in ng,n (R?) is a linear combination of the
product groups of the reproducing kernel bases, i.e.,

p/2 p/2-1
— | | b d
SD,L,R(x) - Z Ckz_,‘_l 1_[ Ck217<0,(p—1)n (x’ xk] s " xk,,_]) ) X € R s
kegy, il =1

where Ky (p-1)n (x,yl, T ,yp_l) = Gop-tyn (x —y, Yyt + (—l)P“yp_l) and
GV i={k= (k. k) €N 1<k SN, j=1,...,p—1).

According to some numerical experiments comparing 87, (R?) and 8¢, (R?),
we find that the accuracy of the SVM solutions in B‘égn(Rz) is better than in
Bém(Rz) for the same training data and testing data. The reason for this is that
we use three data points to set up each reproducing kernel base for p = 4 but the
reproducing kernel base for p = 2 only owns two data points. This means that
the reproducing kernel base for p = 4 contains much more information than for
p = 2. Many other numerical tests will appear in a future paper.

The Matérn functions have been applied in the field of statistical learning

(see [14]). This new discovery about Matérn functions might help create new
numerical tools for SVMs in RKBS.
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