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Vibrating Membranes

We now derive a generalization of the wave equation to two
dimensions (see Chapter 4.5 of [Haberman]).

Consider a stretched elastic

membrane of unspecified shape u
(e.g., circular or rectangular) with
equilibrium position in the

xy-plane.

Every point (x, y, 0) of the

membrane has a displacement
z=u(x,y,t) attime t.
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Vibrating Membranes

As for the vibrating string we assume:
@ There are only small vertical displacements.
@ The membrane is perfectly flexible.

In addition we make the simplifying assumptions:
@ The tensile force is constant.
@ There are no external forces acting on the membrane.
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Vibrating Membranes

As a consequence of these assumptions the tensile force F; will be
tangential to the membrane acting along the entire boundary of the
membrane, i.e.,

FT = TO (Ii' X ﬁ) 9
where
Ty is the constant tension,

t is the unit tangent vector along the edge of the
membrane,

n is the unit outer surface normal to the membrane.

As with the string, we need only the vertical component of the tensile
force, i.e.,
T,=Fr k= To(txn)-f(,

where k is the standard unit vector (0,0, 1).
Note that Fr, t, h and T, are all functions of x, y and t.
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Vibrating Membranes

As with the vibrating string we use Newton’s law, F = m a, with

@ mass m = pg dA, where pg is the density, and dA is the surface
area element, and

@ acceleration a= %.
The balance of forces equation now reads
d%u a2\
/ poatsz_/To(txn)-kds (1)
R oR

with arc length element ds.
In order to obtain a PDE we need to convert the boundary integral on
the right-hand side of (1) to a surface integral.
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Vibrating Membranes

Stokes’ theorem! tells us

/F-?ds://(vXF)-ﬁdA,
OR R

i.e., the boundary integral of the tangential component of the vector
field F is equal to the surface integral of the normal component of the
curl of F.

However, our boundary integral

/T()(?xﬁ)-f(ds
oR

does not match the form needed for Stokes, so we first need to work
on this integral.

"Recall that Stokes’ theorem is a variant of Green’s theorem (2D divergence
theorem) applicable to non-planar regions
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The vector triple product
(axb)-c=(bxc)-a=(cxa)-b

allows us to rewrite

oR oR

which now has the tangential component of a vector field as its
integrand, so that it matches Stokes.
Therefore, using Stokes’ theorem, we have

/To(hxi().?ds://To[vX(hxf()}ﬁd/\a (2)
R

OR

and we can now return to (1).
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Vibrating Membranes

Replacing the right-hand side of (1) by the right-hand side of (2) we

have
//poatsz //To VX<n><k)} AdA.

Since this identity holds for any region R we must have

w2l T [vx (k)] - @

The problem with this equation is that there is no displacement u on
the right-hand side.
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Vibrating Membranes

Where does u enter the right-hand side T, [V X (h X IA()} - h?

Through the normal vector f.
Treating the membrane z = u(x, y) as a level surface
f(x,y,z2) =0 <<= u(x,y)—z=0
we know that the normal vector is parallel to the gradient of £, i.e.,
—%7'—%]4[} . Ou; Ous o

2 T oox 0
\/(gg)2+(g;)+1 Y

. , , 2 2
if we have small displacements, i.e., (%)~ and (g—;) are small.

n=
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Vibrating Membranes

Then

i j k
A ouy  Oux
Axk=|-9% % {|=_—jt_—jf
ox oy
o o 1| o o

and (since 8“ and don t depend on z)

i ] k 2 2
: ocu  ou\ ;
V x (hxk g 2 g =<+>k
( ) _3% %{ %Z ox2 ' oy?
y  Ox

12
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Vibrating Membranes

FinaIIy, usmg the previous result and since we are using

nh= —%l — —]+ k, which implies k - A = 1, we have
A\ & 0%u 82 o 82 d%u

and so we get from (3)
Fu_ ., (Pu Fu
Par = 0\ ax2 T gy2

82
a2
where V2u = 8—“ + a—“ is the (spatial) Laplacian and ¢® =

or
(X y7 ) - szzu(xzya t),

Po

This is the standard form of the wave equation in 2D.
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Vibrating Membranes

Remark

The steady-state problem, i.e., 8t2 =0, leads to

V2u(x,y) =0  (Laplace’s equation).

If an external force is added to the steady-state problem, then we get

2u(x,y) =f(x,y)  (Poisson’s equation).
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So far we used separation of variables only for PDEs with two
independent variables, such as u(x, t), u(x, y), or u(r, ).
Now we will consider PDEs in space, i.e., we will have to deal with
@ functions of three variables such as u(x, y, t), u(x, y, z), or
u(r,0,t),
@ or even functions of four variables such as u(x, y, z, t) or
u(p, ¢, 0, t).
Corresponding PDEs might be
@ a 2D or 3D heat equation (in Cartesian or in polar coordinates)

ou
2 — k2
ot ~ KV
@ a 2D or 3D wave equation (in Cartesian or in polar coordinates)
Pu o,
W =C V U7
@ a steady-state 3D heat or wave equation
VZu=0.
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Separation of the Time Variable

We will now look at two examples and see how to apply separation of
variables in these different cases:

@ vibrations of an arbitrarily shaped membrane, i.e., a 2D wave
equation,
@ heat conduction in an arbitrary solid, i.e., a 3D heat equation,

We will see that we can separate time from space and then obtain
@ one of our usual ODEs for the time problem,
@ but a PDE eigenvalue problem for space.
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Vibrations of an arbitrarily shaped membrane

Let’s consider the PDE

Puiyy=c (28 29 ey,
oz Y ox2 ~ 9y? %

a 2D wave equation, with initial conditions

u(x,y,0) = f(x,y) (initial displacement)
ou
ot

We cannot specify any boundary conditions at this point since the
shape of the domain is not given.

—(x,y,0) = g(x,y) (initial velocity)
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For separation of variables we start with the Ansatz
u(x,y,t) = T(t)e(x,y)

so that the partial derivatives are

TRy, t) = T'(D)p(x, y),
Uy 1) = T y),  Lh(x.y,t) = T()TE(x. ),

and the wave equation turns into

2 2
T(Betx.y) = 2T (G5 00) + 5. 5009))

or
2 2
17 S+ 55y

2 T(t) p(x,y)
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Separation of the Time Variable

As a result we have
@ one well-known ODE for time:

T"(t) = =\G2T (1),

which has oscillatory solutions for A > 0, and
@ one PDE for the spatial part:

o2 0?
DN+ ) = Ae(xy)
= Vixy) = —dexy).

This PDE eigenvalue equation is known as the Helmholtz
equation.
We will look at more detailed examples later.
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Separation of the Time Variable

Remark

In order to attempt a solution of the Helmholtz equation (with the help
of separation of variables) we will need to have a “nice” region and
appropriate boundary conditions.

@ If the region is rectangular, then we can separate

e(x,y) = X(x)Y(y).

@ If the region is circular, then

p(x,y) = &(r,0) = R(r)©(0)

will work.
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Heat conduction in an arbitrary solid

Now we consider the PDE

ou 0?u  0°u  dcu
E(Xayaza t) =k (axg + ayg + 822) (X7yaza t)a

a 3D heat equation, with initial temperature

u(x,y,z,0)=f(x,y,2).

Again, we cannot specify any boundary conditions at this point since
the shape of the domain is not given.
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Separation of the Time Variable

For separation of variables we start with the Ansatz

U(va’ Z, t) = T(t)gO(X,y,Z)

and have the partial derivatives

ou
7(Xay7za t) = T/(t)QO(XayaZ),

ot
<82U 0’u  d%u 2 BPp 0%

8X2+ay2+622>(x7y727t) = T(t) <8X2+6y2+822)(x7.y7z)

so that the heat equation turns into

Pp Py Py

T(t)e(x. . 2) = KT(1) (

or
17(1) _ VPp(x,y,2)

KT~ e(x.y.2)
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Separation of the Time Variable

For this example we get
@ the well-known time ODE

T'(t) = —AKT (1),

with solution for T(t) = e *¥, and
@ once again the Helmholtz PDE for the spatial part:

Po  8Pp D%
(axg + ayg + 822> (X,y,Z) - —)\(,O(X,y,Z)

— Vz‘P(vaaz) = —)\tp(X,y,Z).
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Rectangular Membrane

Let’s assume the membrane has dimensions 0 < x < L and
0<y<H.
The wave equation is given by
Fu_ o (Fu Py
or ox2  Qy?
and we will consider Dirichlet boundary conditions
u0,y,t)=u(L,y,t) = u(x,0,t) = u(x,H,t) =0

along with the standard initial conditions

u(x,y,0) = f(x,y)
ou

E(vaao) = g(X,y)
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Rectangular Membrane

Separation of variables with Ansatz u(x,y,t) = T(t)p(x, y) results in
the ODE
T"(t) = —\C?T(t)
and the Helmholtz PDE eigenvalue problem
8¢ 8¢
W(Xay) + aT,g(X»Y) = —p(X, y)
with boundary conditions

90(0,}/) = @(Lvy) = QO(X,O) = QD(X7 H) =0.

We can now investigate the solution of this eigenvalue problem by
another separation of variables Ansatz (chances are good this will
work since the PDE and BCs are linear and homogeneous).
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Rectangular Membrane

We let
e(x,¥) = X(x)Y(y)

so that 2%(x, y) = X"(x)Y(y) and af‘p( ) =X(X)Y'(y).

Then the Helmholtz equation becomes
X"(X)Y(y) + X(x)Y"(y) = =AX(x) Y(y)

or
X'(x) _ Y'(y) _

Xx) T YWy
with a new separation constant L.
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As a result, we now have two Sturm—Liouville eigenvalue problems:
@ The well-known problem

X"(X) = —pX(x)
with BCs  X(0) = X(L) =0

which yields eigenvalues and eigenfunctions

fn = (T)Z, Xn(Xx) = sin

nmx

T~ n=123...

@ and the set of slightly modified problems (each one corresponding
to one of the solutions of the first problem)

Y'y)==-(A—pn)Y(y), n=123...
with BCs Y(0) = Y(H) =0.
Here we get the eigenvalues and eigenfunctions

mm mny

2
)\n,m*,un: <?) ) Yn,m(}’):SinT7 nm= 172737-
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Rectangular Membrane

Inserting the eigenvalues ., = (”T”)2 into the expression for the
eigenvalues \, , of the second problem we get

Anm = (";;T)erun: (”Zr)2+(r'zr)2 nm=1,2.3,...

Since we assumed ¢(x, y) = X(x)Y(y) we have the combined
eigenfunctions

onm(X,¥) = Xn(X)Ynm(y) = sin nLLX sin %, nm=123,...

Using the eigenvalues \n , in the time ODE T”(t) = —Ac?T(t) we
have (note that all eigenvalues are positive)

Th.m(t) = €1 €0S \/AnmCt + C2SiN \/AnmCt.
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Rectangular Membrane

By the principle of superposition we get the general solution of the
vibrating membrane problem (before using the ICs) as

u(x,y, t) ;; [anmcos\/)\n mCt + bp msiny/An. ct} sm—sm%

This is a double Fourier sine series, and we find the coefficients using
the initial conditions:

[e.e] [ee) T
(x,y,0)=>Y" ZanmsstmTy = f(x,y)
m=1 n=1
Here we can interpret, holding x fixed,
3 an,msin X
n,m L
n=1

as the Fourier sine coefficient of the function y — f(x, y), i.e

Zanmsm H/ f(x,y)sin Hydy, m=123,...
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Rectangular Membrane

Now we note that the right-hand side of (4) is itself some function of x,
i.e.,

H T
F(x) = % /0 f(x, y)sin %dy, (5)

and so (4) can be interpreted as
ad nmx
:Zanyms|nT, m:1,2,3,...,

which gives us an m as Fourier sine coefficients of F, i.e.,

2 [t . nmx
L/o F(x)sdex

2/[ /fxysmydy]sinmdx
L Jo L
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We therefore have
22 H . mmy . nmx
anm = LA/, [/o f(x,y)sin de] sin de, nm=1,273,...

To find the coefficients by, we need the t-partial of the general
solution u:

d = — .
8Ltl oyt = > ) [— An.mCan.m SIN \/An.mCt + \/An.mCbn.m COS \//\,,,mct}
m=1 n=1
w sin X gin MY
L H

so that

ou mmy |

8t (x,y,0 ZZ‘M” cbnmsm smT

m=1 n=1
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Rectangular Membrane

Following the same procedure as before, we first get the Fourier sine
coefficients of the function y — g(x, y) (i.e., x is held fixed) as

oo H
Z\//\n,mcbn,msinniLX = fl/ g(x,y)sin?dy, m=1,2,3,...
- 0

= G(x),

and then /A, mcbn m as the Fourier sine coefficients of G, i.e.,

G | i S5
bnm = c\/WLH [/ a(x,y)sin dy]sm 1 dx,

nm=1,273,...
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Rectangular Membrane

Remark

There are other (equivalent) ways in which we could have approached
this problem.

@ For example, the order in which we find the eigenfunctions X, and
Yn.m does not matter. However, if we reversed the order, we would
be enumerating them as Y, and Xn m.

@ We also could have made a 3-way separation of variables right off
the bat. This is described in Appendix 7.3 in [Haberman].

o
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The Eigenvalue Problem V24 + Ap =0

In analogy to the 1D Sturm-Liouville equation ¢”(x) + Ap(x) = 0 we
now investigate the Helmholtz equation

V2o 4+ Ao =0
subject to a boundary condition of the form
ap+bVy-h=0,

where a and b are both functions of x and y, the coordinates of points
on the boundary, and ¢ - i is the normal derivative of ¢ along the
boundary.

More generally, we could even consider a Sturm—Liouville-type
equation of the form

V- (pVe) + qp + Aop =0

with coefficient functions p, g and o.
The Helmholtz equation correspondstop=1,g=0and o = 1.
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Properties of the 2D Helmholtz equation

@ Analytic solutions of the Helmholtz eigenvalue problem are known
only for simple geometries such as rectangles, triangles or circles.

@ For more complicated domains one needs to use numerical
methods such as finite elements.

@ However, one can still prove qualitative results.
We illustrate these properties with the help of

V20 + Ap =0, 0<x<L O<y<H
¢ =0 on the boundary of [0, L] x [0, H]

with its eigenvalues and eigenfunctions

nm\ 2 mm\ 2
)\n7m = (T) +<?) ) n,m:1,2,3,...
enm(X,y) = sin n% sin ?
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Similar to regular 1D Sturm-—Liouville problems we have:

@ All eigenvalues are real, i.e., we do not need to search for complex
eigenvalues.
This is obvious for the example problem since

Anm = (”ZT)2+ (”Z;r)z nm=123 ..

©@ There are infinitely many eigenvalues that can be ordered (but no
longer strictly).
For the example problem

T\ 2 T2
Ma=(7) + (7)
is the smallest one. However, the rest of the ordering depends on

Land H.
There is no largest eigenvalue.
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The Eigenvalue Problem V2o + A = 0

© There may be more than one eigenfunction associated with any
eigenvalue.

This suggests that there can be different modes (eigenfunctions) that
vibrate with the same frequency (eigenvalue).

This property is different from the 1D case.
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The Eigenvalue Problem V24 + Ap =0

Example
Choose L = 2H in our example problem. Then

n271'2 m27T2 71'2

e nm mr
‘Pn,m(Xv}/) SIHWSIHT}/
Now, note that
w2 572 w2
Mt =g (42 +4.12) = = (22 +4-2%) = )\

so that

va1(X,y) = sin ‘ZT—I_); sin Wy = sin 27 sin %

B 2wx 2y 2y
p22(X,y) = sin SH sin = =sin W sin o

and we have two different eigenfunctions associated with the same (double,
i.e., not strictly ordered) eigenvalue.
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The Eigenvalue Problem V2 + Ap =0

Remark
Eigenvalues can also have multiplicities higher than two.

Again, for the example L = 2H we have, e.g.,

6572
A2g = Ag7 = Maa = Np1 = e
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The Eigenvalue Problem V24 + A = 0

© The set of eigenfunctions {enm}ym=1 is complete, i.e., any

piecewise smooth function f can be represented by a generalized
Fourier series

oo o0

f(x,y) ~ Zzanm@nm(x y)

m=1 n=1

In our example

f(x,y) ~ ZZanmsm—smm.

H
m=1 n=1
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The Eigenvalue Problem Vzg; +Ap =0

© Eigenfunctions associated with different eigenvalues are
orthogonal on the region R with respect to the weight o =1, i.e.,

// PO (X,y)tp)\z(X,y) dA=0 if )\1 75 /\2.
R

In our example, provided Ap, m, # Any,msys

n17TX . M7y i n27TX i momy .
// sin sin — )( o sin—g )dydx—O

and the Fourier coefficients are

I fo (x,y) sin 27* sin 7Y dydx

Ju [X sin? nxx sm2 ’"’”’ dydx

anm =
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The Eigenvalue Problem V24 + A = 0

@ The Rayleigh quotient can be formed and used as in 1D. In
particular,

/ngcp-lA‘ldS+/ IV|? dA

\— _OR R
//gosz
R
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The Eigenvalue Problem V24 + A = 0

@ The convergence properties are as in Chapter 5.10, i.e., the mean
square error

2
J[ |1 =S aneatey)| axay.
R A

where the number of terms in the sum ), is finite, is minimized
for oy = a,, the generalized Fourier coefficients of f.
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Green’s Formula and Self-Adjointness

In 1D we had Green’s formula

/a i [L(x)(Lv)(x) = v(x)(Lu)(x)] dx = [p(x) (u(x)V'(x) = V() (x))] 5.
where Lu = % (pu") + qu stood for the Sturm—Liouville operator.

The self-adjointness of £ was characterized by

b
[ e = i) ax o

Now we will state analogous results for the 2D operator Lu = V2u.
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In this case, Green’s formula is obtained with the help of Green’s
theorem and the identity (analogous to the product rule)

V- (uVVv)=Vu- Vv + uvivy (6)

/ / u(v?y) -~ v(vPu) aa / V- [UVV — vV dA
R R
GreapsThm /(qu — vVu) - hds
oR
Here we have the vector field F = uVv — vVu, so that
V - [uVv — vVu] = divF and the boundary integral has the normal
component of F as its integrand.
Remark
@ Green’s formula is known in Calc Ill as Green’s second identity.

@ Ifthe BCs are such thatu and v (orVu-nand Vv - n) are zero on
the boundary, &R, then L = V2 will be self-adjoint.
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Vibrating Circular Membranes, Bessel Functions

To investigate the vibrations of a circular drum we need to use the
wave equation in polar coordinates, i.e.,

2

_ 22
5 cVeu

= c? 150 ra—u +l@ O<r<a —-t<f<m
- ror \ or r2 992 |’ ’ '

The only boundary condition we have is
u(a,f,t) =0, —T<f<m >0,
and the initial conditions are the standard ones
u(r,0,0) = f(r,0)

ou
E(naa 0) - g(r76)
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Vibrating Circular Membranes, Bessel Functions

We begin with a separation of variables Ansatz (just like in the section

for the rectangular drum) u(r, 8, t) = ¢(r,0) T(t) so that we get the
ODE

T"(t) = —AG2T(1)
and the Helmholtz PDE (in polar coordinates)
V2o +Xp=0
with BC ¢(a,0) = 0.
We can write this PDE eigenvalue problem as

10 [ Oy 1 8% B
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Now we again apply separation of variables for this polar coordinate
problem (as we did in Chapter 2) using the Ansatz o(r,0) = R(r)©(0).
This gives us

2
or (7o RSO ) + 5 7 (RSO + A[R()O(E)] = 0

or

Multiplication by FGEIO] ) Q) and a little rearranging gives

e//( )
o(6) = K,

which results in two additional SL ODE eigenvalue problems.

Fw’gr):r (rR'(r)) + \r? =
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Altogether, we now have three ODEs:
@ the time-dependent problem

T"(t) = —=\2T (1)

@ and from : o (0)
r e / 2 _ _
R dr (rR'(r)) + Ar® = o) "
we get the two singular Sturm—Liouville problems
]

0"(0) = —n0(0)
with periodic BCs  ©(—7) = ©(w), ©'(—w)=0©'(n)

r% (rR'(r)) + (A\r® = u) R(r) =0
with singularity BCs  R(a) =0, |R(0)|] <
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The first problem
©"(0) = —no(0)
with periodic BCs has eigenvalues and eigenfunctions
pn=n?,  ©p(0) = c1cosnb + ¢, sin no, n=0,1,2,...

The second problem is more easily investigated if we first re-write it.
Using the product rule we have

0— ,;‘r (rR'(r)) + (Ar2 — u) R(r)=r*R'(r)+rR'(r)+ (Ar2 - u) R(r).

One can use the Rayleigh quotient to show that A must be positive,
and so we can do a variable substitution z = v/\r.
Note that, by the chain rule, we then have

dR _dRdz _dR

dr dzdr dz
R ddR d [dR d’R
drz—drdr—dr[dzﬁ]—dz.2A
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Therefore, if we apply the substitution z = v/Ar and the eigenvalues
1 = n° to the equation

rZR”(r)JrfR/(r)Jr(/\rz—Mn) R(r) =0, n=0,1.2,...

we get
2

Z)\ZAR”(Z) + \%\f)\ﬂ’(z) + <>\Z/\ — nz) R(z)=0

— Z?R"(2)+ zR'(2) + (22—n2> R(z)=0, n=0,1,2,...

This is known as Bessel’s equation.

We will now solve Bessel’'s equation (you may have already seen this
in MATH 252).
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Solution of Bessel’'s equation

We assume the solution is given as a power series of the form
€ . ge .
R(z)=2°) azZ =) aztc (7)
j=0 j=0

Assuming this series is differentiable, we compute the required
derivatives

R(z) = i(] +c)gzte!
j=0
R'(z) = i(] +o)(j+c—1)gzte2

j=0
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Inserting the power series Ansatz (7) and its derivatives into Bessel’'s
equation

Z°R"(z) + zR'(2) + (22 — nz) R(z)=0

we get

ZZ(HC (+c—1)azte 2+ZZ(]+C)3 2o (zz—nz)iajz””:o

j=0 j=0
or
i+¢)(j+c—1 az’“+ (+o)azt+ (22 -n? a7t =0
7] if
=0 =0

— Z[(/+c(j+c—1)+(j+c)—n2} 87"+ g™ =0
j=0 j=0

— i[(]+c —n]az’+ +Za, 220 =0

j=0 j=2
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Now we can divide out the factor z¢ and get
[(j +¢)? - nz} 8z +> a7 =0
j=0 j=2

or

(B—m)a+ [(1+c)?—nrP a1z+§:{[(j+ c)?—r?la+a_} 2z =0.
j=2

In order to determine the unknown coefficients g; in the power series
of R we now compare coefficients of like powers of z.
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From above

(B—m)a+[(1+c)?—nrP a1z+§:{[(j+ c)?—r?la+a_} 2z =0.

j=2
@ Coefficient of z°:
(02 — n2) a =0

Since we don’'t want ag = 0 (see the explanation below) we have
cEE=
@ Coefficient of z':
[(1 +¢)? — nz} a; =0
= [(1£n)2—-n?]a =0
- (1+£2ma;=0 = a; =0

since we can’'t choose n (and nis a nonnegative integer).
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For the following discussion we assume ¢ = +n.
@ Coefficient of 2/, j > 1:

{(j+ n)? — nz] a+a =0

= (j2 + 2nj> a+a.2=0
— a=—5——a.s j=234..
i = 2 onj%2 J
This is a recurrence relation which requires two initial values: ag and

ai.
The recurrence relation
@ couples all coefficients with even subscript (starting with ap),
@ and all those with odd subscripts (starting with a¢). Since a; =0
we immediately know that

32k+1=0, k:1,2,3,...

Now we can see why we didn't want to allow a; = 0 above. This woj
have resulted in a trivial solution R(z) = 0.
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Let’s calculate the coefficients a; with even subscripts using the

recurrence relation & = 5 +2nj a2, j=2,3,4,.

1 1 1
221 2m 0 414n™ " A(nt 1220

ao =

- (—1)2 ;
421204 16+8n7 2(n+2)227° " 1.2(n+1)(n+2)(22)2~°

as =

—1 —1 —1 (—1

_ _ _ _ )°
%= one™ 361120t T 3(n13)2 ™ T 1-2.3(n+ 1)(n+2)(n+ 3)(22)

ao

_ (-1 )
ok = k!(n+1)(n+2)---(n+k)(22)ka°’ k= 1,2,3,...
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Going back to the power series (7) for R we now know that

R(z) = z°) a7
j=0

oo o
_ n 2k __ 2Kk+n
= Z E aoZ™ = E aokZ
k=0 k=0

i _ (=1)* _
with as, = KA (74 2)- (7T R) @2k 0 k=1,23,...

We now look at the radius of convergence of this power series using
the ratio test:

a 2(k+1)+n
lim | 202
k—o0 32k22k+n
lim |2[2Hr2en ki(n+1)(n+2)---(n+ k)22
k—oo (K+1)I(n+1)(n+2)---(n+ k + 1)22k+2 |Z]2kFn

_ 15‘2 m o
T 12l ks (k+1)(n+k+1)

Therefore the series converges for all z.
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After all this work we are still free to choose the value of ap.
Since
(=)
4o
kKi(n+1)(n+2)---(n+ k)22k
the choice ay = ﬁ gives us (using the convention that 0! = 1)

(=1 I )

Bk = (n+1)(n+2)---(n+ k)22k m2n — Ki(n + k)122k+n
and therefore

o =

R(z)

2k+n __ 2K+n
ZaZkZ Z kI n+k |22k+nz

i k 2k+n
- Zklnjr)k <> )

We now have found the Bessel functions of the first kind of order n:

Zkln+k ()mn, n=01,2,...
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Remark

Even though the Bessel functions J, are defined only via a power
series expansion, much is known about them.

In particular, as we just saw, they are the eigenfunctions of a
(singular) Sturm—Liouville problem.

They are one of the most popular so-called special functions, and
much information is collected in, e.g., [Abramowitz & Stegun].
Note that the functions we found here are J-Bessel functions.
There are also Y-, I-, and K-Bessel functions.

The Bessel functions we computed have positive integer order.
There are also families of Bessel functions with negative integer
order, or even real or complex order.

Software packages such as MATLAB, MuPAD, Maple or
Mathematica all have special routines for Bessel functions.

v
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In addition to being able to evaluate the Bessel functions J,, we will
need to know their zeros.

It is known that each Bessel function J,, n=0,1,2, ..., has infinitely
many distinct zeros that can be ordered z,¢ < z,2 < .... They are not
equally spaced.

05

15 20 25 a0

o

05
a

Figure: The Bessel function Jp.
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Returning to our 3 ODEs. ..
@ Angular eigenvalue problem: Earlier, we already decided that
©"(0) = —no(0)
O(—7) = O(n), Q'(—m) =©/(m)
has eigenvalues and eigenfunctions
pn=n?> and ©,(0) =cicosnd+cysinnd, n=0,1,2, ...
@ Radial eigenvalue problem: Moreover, we’ve now found that the
eigenfunctions of
rddr (rR'(r)) + ()\r —n ) R(r)=0
R(a) =0, |R(0)] < o0
are (since we substituted z = v/Ar in Bessel's equation)

55 (_1)/( ﬁr 2k+n
Hn(z)—Jn(\&r)—kZ()k!(Hk)!( 5 > ., n=0,1,2,..
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@ Radial eigenvalue problem (cont.): Now the BCs tell us that the
eigenvalues A\, m are such that

Rn(a) = Jn( )\n7ma) = 0,

i.e., \/Anmais the m-th zero of the Bessel function J,, or

2
P = (z”a’m) . n=012,... m=123,. ..
where z, n is the m-th zero of the Bessel function of order n, i.e.,

Jn(Zn7m) - O
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@ Time equation: We also know that since Ap ;m > 0
T"(t) = =AnmC?T(1)
has general solution

Thm(t) = cq cos ( An,mct) + ¢ sin ( An,mct) .
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Therefore, superposition requires the solution to be of the form

u(r,0,t) Z Z [an mJn(y/An.mr) cOS N cos (\/T ct)

n=0 m=0

+bn,mJn(\/An,mr) cos né sin («/)\n,mct>
+CnmJn(+/ An,mr) Sin nf cos (\//\n,mct)
+dnmJn(\/Anmr) sin nd sin (\/)\n,mct)]

and the (Fourier) coefficients can be found using the initial conditions.

We now illustrate this with an example.
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Example (Vibration of a circularly symmetric drum with zero initial
velocity)
Because of circular symmetry there is no change in the angular

variable and the wave equation is
0?u  ,10 ( ou
W_CFEOW)’ O<r<a t>0

with boundary conditions
u(a,t)=0 and |u(0,t)] < oo

and initial conditions

ou

u(r,0)=f(r) and 5

(r,0)=0.
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Example ((cont.))
For separation of variables we require only a two-way split, so

u(r,t) = R(r)T(1),
and our resulting ODEs are

T"(t) = —AC®T(1)
and

d y B
T (rR'(r)) + ArR(r) =0

R(a)=0 and |R(0)| < oc.
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Example ((cont.))
Using the product rule we can rewrite the radial ODE

d -
I (rR'(r)) + ArR(r) =0

as
rR"(r)+ R'(r) + ArR(r) =0

and then multiply by r and do the substitution z = v/\r as before to
recognize

r2R"(r) + rR'(r) + A\r2R(r) =0
2207 2R0(7) + zR(2) + 22R(2) = 0

as Bessel’s equation for the case n =0, i.e., for Jy.
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Example ((cont.))
Therefore we have the solution

R(z) = Jo(\/ Anr)

with v/Apa the n-th zero of the Bessel function Jy (all of which are
positive).
Inserting these eigenvalues into the time-equation we get the solutions

Th(t) = ¢ cos v/ Anct + cosin/ Apct

and superposition gives us

o0

u(r,ty=>y" [an c0s \/AnCt + by sin )\,,ct} Jo(\/Anr).

n=1
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Example ((cont.))
The first initial condition gives

u(r,0) = ZanJo Anr) = £(r).
This is a Fourier-Bessel series with coefficients
a
/ f(r)Jo(v/Anr)rdr
0

a
/ J2(\/Apr)rdr
0

an:

Note the role of the weight o(r) = r from the SL equation in the
integrals.
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Example ((cont.))
Similarly,

6u

5 Z V )\annJo )\nr = 0
with

po_ ] Jo 0do(v/Apr)rdr
e cVan [§ B Aar)rdr

Remark
This problem is illustrated in the Mathematica notebook Drum.nb. The
notebook also contains an illustration of the modes and a second
example (vibration of a rectangular drum).
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Isospectral Drums

In the 1960s Mark Kac (at the time a mathematician at Rockefeller
University in New York) asked the question “Can one hear the shape of

a drum?” [Kac (1966)].

The answer to this inverse
problem was not provided
until the 1990s by Carolyn
Gordon, David Webb and
Scott Wolpert in a paper
entitled “One Cannot Hear
the Shape of a Drum”
[GWW (1992)].

Detailed numerical computations illustrating this problem were
presented in [Driscoll (1997)] (see also [Peterson (1997)]).

fasshauer@iit.edu
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7.24807786256

9.20929499840

10.59698569 13 115418953956
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