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@ Piecewise Smooth Functions and Periodic Extensions
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Piecewise Smooth Functions and Periodic Extensions

Definition

A function f, defined on [a, b], is piecewise continuous if it is
continuous on [a, b] except at finitely many points.

If both f and f" are piecewise continuous, then f is called piecewise

smooth.
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Piecewise Smooth Functions and Periodic Extensions

Definition

A function f, defined on [a, b], is piecewise continuous if it is
continuous on [a, b] except at finitely many points.

If both f and f" are piecewise continuous, then f is called piecewise
smooth.

Remark

This means that the graphs of f and f" may have only finitely many
finite jumps.
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Piecewise Smooth Functions and Periodic Extensions

Example
The function f(x) = |x| defined on
—T<X<is
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Piecewise Smooth Functions and Periodic Extensions

Example
The function f(x) = |x| defined on
—7 < X < wis piecewise smooth

since
@ fis continuous throughout the
interval,
@ and f" is discontinuous only at
x = 0.
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Piecewise Smooth Functions and Periodic Extensions

Example

The function f(x) = |x| defined on
—7 < X < wis piecewise smooth
since

@ fis continuous throughout the

interval,
@ and f" is discontinuous only at
x = 0.
Example
The function
2
X —T<x<0
f(x)=4", "
x+1, 0<x<nm
is
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Piecewise Smooth Functions and Periodic Extensions

Example
The function f(x) = |x| defined on
—7 < X < wis piecewise smooth
since
@ fis continuous throughout the
interval,

@ and f" is discontinuous only at
x = 0.
Example
The function

X2 —T<x<0

Y

X2 +1, 0<x<m

f(x) =

is piecewise smooth since both f
and f’ are continuous except at
x =0.
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Piecewise Smooth Functions and Periodic Extensions

Example
The function

—In(1 —x),

) =14

is

fasshauer@iit.edu

0<x<1
1<x<2
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Piecewise Smooth Functions and Periodic Extensions

Example
The function 2
—In(1 - < 1
F(x) = n(1—x), 0<x<
1, 1<x<2 o

is not piecewise continuous (and
therefore also not piecewise
smooth) since 0 i 2

lim f(x)= lim —In(1 —x) = oo,
X—1- X—1-

i.e., f has an infinite jump at x = 1.
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_Piecewise Smooth Functions and Periodic Extensions |
Periodic Extension

If f is defined on [—L, L], then its periodic extension, defined for all x, is
given by

f(x+2L), —-38L<x<—L,
F(x) = f(x), —-L<x<lL,
(x—2L), L<x<3L,

(

x —4L), 3L< x <5L,
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Piecewise Smooth Functions and Periodic Extensions

Example

Figure: Plot of f(x) =1 — || with x € [-L, L].
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Piecewise Smooth Functions and Periodic Extensions

Example

-3L -L 0

Figure: Plot of f for f(x) =1 — |%|.
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Piecewise Smooth Functions and Periodic Extensions

Example

|

el

—
L 0 L

(x+L)?, —L<x<0

Figure: Plot of f(x) = X2 41 O<x<l
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Piecewise Smooth Functions and Periodic Extensions

Example

s - - _

- 1 < 7

-3L -L 0

Figure: Plot of f for f(x) =

L 3L SL

(x+L? —-L<x<0
xX2+1, O0<x<lL ~
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Outline

9 Convergence of Fourier Series
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Convergence of Fourier Series

Even though we have used Fourier series to represent a given function
f within our separation of variables approach, we have never made
sure that these series actually converge.
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Convergence of Fourier Series

Even though we have used Fourier series to represent a given function
f within our separation of variables approach, we have never made
sure that these series actually converge.

Moreover, even if we can assure convergence, how do we know that
they converge to the function f?
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Convergence of Fourier Series

Even though we have used Fourier series to represent a given function
f within our separation of variables approach, we have never made
sure that these series actually converge.

Moreover, even if we can assure convergence, how do we know that
they converge to the function f?

Remark

This should not come as a total surprise, since for power series we
also had to determine the interval (or radius) of convergence.
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Convergence of Fourier Series

Using a more precise notation, all we can say is

f(x) ~ ap + Z [an cos

n=1

nmTx n brsin nwx]
L n L1’
i.e., we can

@ associate with f this Fourier series,

@ but not f is equal to this Fourier series.
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Using a more precise notation, all we can say is

f(x )~a0+2[ancos [ + bns mTX]
n=1

i.e., we can
@ associate with f this Fourier series,
@ but not f is equal to this Fourier series.

The Fourier coefficients of f, on the other hand, are never in doubit.
They are given by

1 L
a = 2L/ f(x)dx

an, = / cos—dx n=1,2,...

A T
b, = L/_Lf(x)sdex, n=1,2,...
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What we need is

Theorem (Fourier Convergence Theorem)

If f is piecewise smooth on [—L, L], then the Fourier series of f
converges.
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What we need is

Theorem (Fourier Convergence Theorem)

If f is piecewise smooth on [—L, L], then the Fourier series of f
converges. Moreover,

@ at those points x where the periodic extension f of f is continuous,
the Fourier series of f converges to f(x) and

fasshauer@iit.edu MATH 461 — Chapter 3 13


http://math.iit.edu
http://math.iit.edu/~fass

What we need is

Theorem (Fourier Convergence Theorem)

If f is piecewise smooth on [—L, L], then the Fourier series of f
converges. Moreover,

@ at those points x where the periodic extension f of f is continuous,
the Fourier series of f converges to f(x) and

@ at jump discontinuities of the periodic extension, the Fourier series

converges to

% [F(x=) + 7))

i.e., the average of the left and right limits at the jump.
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What we need is

Theorem (Fourier Convergence Theorem)

If f is piecewise smooth on [—L, L], then the Fourier series of f
converges. Moreover,

@ at those points x where the periodic extension f of f is continuous,
the Fourier series of f converges to f(x) and

@ at jump discontinuities of the periodic extension, the Fourier series
converges to

1 _
> f(x=)+ f(x+)],

i.e., the average of the left and right limits at the jump.

Remark
Note that (2) actually includes (1) since

1 _
5 [1x=) +F0x+)
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What we need is

Theorem (Fourier Convergence Theorem)

If f is piecewise smooth on [—L, L], then the Fourier series of f
converges. Moreover,

@ at those points x where the periodic extension f of f is continuous,
the Fourier series of f converges to f(x) and

@ at jump discontinuities of the periodic extension, the Fourier series
converges to

1 _
> f(x=)+ f(x+)],

i.e., the average of the left and right limits at the jump.

Remark
Note that (2) actually includes (1) since

% Fx=) + Foet)| = % () + ()]
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What we need is

Theorem (Fourier Convergence Theorem)

If f is piecewise smooth on [—L, L], then the Fourier series of f
converges. Moreover,

@ at those points x where the periodic extension f of f is continuous,
the Fourier series of f converges to f(x) and

@ at jump discontinuities of the periodic extension, the Fourier series
converges to

1 _
> f(x=)+ f(x+)],

i.e., the average of the left and right limits at the jump.

Remark
Note that (2) actually includes (1) since

% f(x—) +7(x+)} = % F(x) + f(x)} = f(x)
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Convergence of Fourier Series

Proof.

The proof of this theorem is not contained in [Haberman] and goes
beyond the scope of this course. It can be found in [Pinsky,
Section 1.2] or [Brown & Churchill, Section 19].

The proof requires the Dirichlet kernel

as well as a careful analysis of one-sided derivatives.

The calculations for Gibbs phenomenon below gives a flavor of
this.
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Convergence of Fourier Series

Remark
The theorem above is about pointwise convergence of Fourier series.

In classical harmonic analysis there are also theorems about other
kinds of convergence of Fourier series, such as

@ uniform convergence or
@ convergence in the mean.
For these see, e.g., [Brown & Churchill, Pinsky].

We will talk about convergence in the mean in Chapter 5, and the
Gibbs phenomenon below is evidence that uniform convergence is not
guaranteed for general functions f.
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Convergence of Fourier Series

Example

1, —-L<x<0
2, 0<x<L

Consider the function f(x)
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Convergence of Fourier Series

Example

1, —-L<
Consider the function f(x) = { ’ <x<0

2, 0<x<L
nmx

The Fourier series of f, ap + » _ [a,, cos —

n=1
represented by the following graph:
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Convergence of Fourier Series

Example

1, —-L<
Consider the function f(x) = { ’ <x<0

2, 0<x<L
. . = nrx .
The Fourier series of f, ap + » _ [a,, cos % + by sin
n=1

represented by the following graph:

nmx

L

, IS

fasshauer@iit.edu MATH 461 — Chapter 3

16


http://math.iit.edu
http://math.iit.edu/~fass

Convergence of Fourier Series

Example (cont.)

Remark
Even if we know that the series converges, we have

@ f(x) = its Fourier series only for x € (—L, L) (and provided f is
continuous at x).
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Convergence of Fourier Series

Example (cont.)

Remark
Even if we know that the series converges, we have

@ f(x) = its Fourier series only for x € (—L, L) (and provided f is
continuous at x).

@ At all other values of x the Fourier series equals the periodic
extension of f,
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Convergence of Fourier Series

Example (cont.)

Remark
Even if we know that the series converges, we have

@ f(x) = its Fourier series only for x € (—L, L) (and provided f is
continuous at x).

@ At all other values of x the Fourier series equals the periodic
extension of f,

@ except at jump discontinuities, where it equals the average jump.
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Convergence of Fourier Series

Example (cont.)

Remark
Even if we know that the series converges, we have

@ f(x) = its Fourier series only for x € (—L, L) (and provided f is
continuous at x).

@ At all other values of x the Fourier series equals the periodic
extension of f,

@ except at jump discontinuities, where it equals the average jump.

What are the Fourier coefficients for this example?
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Convergence of Fourier Series

Example (cont.)

U
a = ﬂ/_L(X)dX
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Convergence of Fourier Series

Example (cont.)
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Convergence of Fourier Series

Example (cont.)

1 L
a = Z/_Lf(x)dx
0

1 L
— Z /_L1dx+/0 2dX

1
= SplL+2l]
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Convergence of Fourier Series

Example (cont.)

1 L
a = Z/_Lf(x)dx
0

1 L
— Z /_L1dx+/0 2dX

1 3
= rit+2l =3
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Convergence of Fourier Series

Example (cont.)

1t nwx
a, = Z/_Lf(X)COSTdX
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Convergence of Fourier Series

Example (cont.)

an = / f(x) cosde

~l—

L
nmx
= cos—dx+2/ cos%dx
0

~l—=
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Convergence of Fourier Series

Example (cont.)

an = | / f(x)cos T X dx
= cos dx +2 / ' coSs nmx dx
- L 0 L
1 L nmx
= 7 cos—dx-i—/O cosde
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Convergence of Fourier Series

Example (cont.)

an =
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Convergence of Fourier Series

Example (cont.)

L
an = / f(x) cos X dx
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Convergence of Fourier Series

Example (cont.)

L
an = / f(x) cos X dx
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Convergence of Fourier Series

Example ((cont.))

L
by = 1/ f(x) sin 7% dx
L L

L

fasshauer@iit.edu
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Example ((cont.))

b, = / ) sin % dx

sm—dx+2/ sm—dx

~l—

~l—
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Example ((cont.))

bn =

~l =

L

~l =

~l =

|
|

L
/ f(x sm%dx

0

/sm—dx+2/ sm—dx]
L
L L

/ sm—dx+/ sin%dx
L 0 L
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Convergence of Fourier Series

Example ((cont.))

bn:/
|,
[

~l—

~l—

==

sm—dx
sm—dx+2/ sm—dx]

L
sm — dx+/ sin nmx dx]
0 L

fasshauer@iit.edu
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Convergence of Fourier Series

Example ((cont.))

e . hmx
b, = Z/_Lf(X)SIanX

1 O nax L nrx
= 7 [/_Lsdex+2/o sdex]

= 1 /Lsinwdx+
L) L

|

L nrx
/Osdex
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Convergence of Fourier Series

Example ((cont.))

b, = Z/ sm—dx
= Z[ sm—dx+2/ sm—dx]
= - sm—dx+/Lsin%dx
- L 0 L
_ b [cosﬂr
a nmlL L lo

nm

cosnrt cosO
— +

nm

fasshauer@iit.edu
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Convergence of Fourier Series

Example ((cont.))

b, = L/ sm—dx

= L[ smdx+2/ smdx]
= - smdx+/Lsiande
- L 0 L
S [cos"“y
- nmlL L lo

cosnrt cosO
= — +

nm nm

1)
- nm
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Convergence of Fourier Series

Example ((cont.))

bn =

L/ sm—dx
L[ smdx+2/ smdx]
— smdx+/Lsiande
L 0 L
_i[ W}L
nmlL L lo
cosnrt cosO
— +
nm nm
1—(=1)" )0, neven
nm |2, nodd
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Convergence of Fourier Series

Example (cont.)
Summarizing, we have found that the function

1, —L<x<0

f —
O PR

has Fourier series

X

3 «—1 -0
f(“’éz_: ) L

fasshauer@iit.edu MATH 461 — Chapter 3
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Convergence of Fourier Series

Example (cont.)
Summarizing, we have found that the function

1, —L<x<0
f(x) =
2, 0<x<L

has Fourier series

3 =1—(—1)" . nmx
f(x) ~ §+Z IST[‘ ) sin —-
n=1
I 2 . (2k —1)nx
= 2t @ RS

k=1
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Convergence of Fourier Series

Example (cont.)

Figure: Plot of 0-term Fourier series approximation f(x) = g (red) together
with graph of f (blue).
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Convergence of Fourier Series

Example (cont.)

Figure: Plot of 1-term Fourier series approximation f(x) = 3 + 2 sin Z* (red)
together with graph of f (blue).
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Convergence of Fourier Series

Example (cont.)

Figure: Plot of 2-term Fourier series approximation

f(x) = 2 + 2sin 7¥ + 2 sin 37X (red) together with graph of f (blue).
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Convergence of Fourier Series

Example (cont.)

Figure: Plot of 3-term Fourier series approximation
f(x) =3+ 2sin 7 + 2 sin 37 + 2 sin 57X (red) together with graph of f
(blue).
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Convergence of Fourier Series

Example (cont.)

Figure: Plot of 10-term Fourier series approximation

10
2 . (2k —1 .
f(x) = g + ; @k 1) sin ( T )mx (red) together with graph of f (blue).
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The Gibbs Phenomenon

In order to understand the oscillations of the previous plots, and in
particular the overshoot, we consider an almost identical function:

-1, —7<
F(x) = , T<x<0
1, O<x<nm

with truncated Fourier series

N N :
2(1—(=1)") . N4sin(2k —1)x
N P S

fan(X) = on—1(X) =
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The Gibbs Phenomenon

In order to understand the oscillations of the previous plots, and in
particular the overshoot, we consider an almost identical function:

-1, —n< 0
f(x) = , T< X<
1, O<x<m
with truncated Fourier series

N N .
2(1 —(—-1)") 4 sin(2k — 1)x
n(x) = no1(X) =) (n()) sinnx = .(2k—1)
n=1 m = "
Remark

Compared to the previous example, the sines are simpler since L = r,
and we have a vertical shift by ap = 0 and a vertical strefching so that

1—(
b, =2—\"")_ .
" 4 nodd

nmw —
nm?

-1)" {0, neven
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Convergence of Fourier Series

Gibbs Phenomenon (cont.)

To find the overshoot at the jump discontinuity we look at the zeros of
the derivative of the truncated Fourier series (to locate its maxima), i.e

4
Tl Zcos (2k—1)x = —[c0os X + oS 3x + ... + Cos(2N — 1)x]

fasshauer@iit.edu MATH 461 — Chapter 3
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Gibbs Phenomenon (cont.)

To find the overshoot at the jump discontinuity we look at the zeros of
the derivative of the truncated Fourier series (to locate its maxima), i.e.,

N
4 4

n_1(X) = — E cos(2k—1)x = — [cos x + cos 3x + ... + cos(2N — 1)x]
T k—1 T

To find the zeros of this function we multiply both sides by sin x, i.e.,

. 4 . , ,
sinxfn_1(x) = = [sinx cos x + sin xcos 3x + ... + sinx cos(2N — 1)x]

fasshauer@iit.edu MATH 461 — Chapter 3 24


http://math.iit.edu
http://math.iit.edu/~fass

Gibbs Phenomenon (cont.)

To find the overshoot at the jump discontinuity we look at the zeros of
the derivative of the truncated Fourier series (to locate its maxima), i.e.,

N
4 4

n_1(X) = — E cos(2k—1)x = — [cos x + cos 3x + ... + cos(2N — 1)x]
T k—1 T

To find the zeros of this function we multiply both sides by sin x, i.e.,

. 4 . , ,
sinxfn_1(x) = = [sinx cos x + sin xcos 3x + ... + sinx cos(2N — 1)x]

Using the trigonometric identity sin x cos kx = kX sink=1)x' \yq gt

2
sinxfy_1(x) = = [(sin2x — sin0) + (sin4x — sin2x) + ... + (sin2Nx — sin(2N — 2)x)]

s
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Gibbs Phenomenon (cont.)

To find the overshoot at the jump discontinuity we look at the zeros of
the derivative of the truncated Fourier series (to locate its maxima), i.e.,

N
4 4

n_1(X) = — E cos(2k—1)x = — [cos x + cos 3x + ... + cos(2N — 1)x]
T k—1 T

To find the zeros of this function we multiply both sides by sin x, i.e.,

. 4 . , ,
sinxfn_1(x) = = [sinx cos x + sin xcos 3x + ... + sinx cos(2N — 1)x]

Using the trigonometric identity sin x cos kx = kX sink=1)x' \yq gt

2
sinxfy_1(x) = = [(sin2x — sin0) + (sin4x — sin2x) + ... + (sin2Nx — sin(2N — 2)x)]
s

2
= —sin2Nx.
™
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Gibbs Phenomenon (cont.)

Now,
sin2Nx =0 if 2Nx = +x, £27, ..., +2N7.

fasshauer@iit.edu MATH 461 — Chapter 3 25


http://math.iit.edu
http://math.iit.edu/~fass

Gibbs Phenomenon (cont.)

Now,
sin2Nx =0 if 2Nx = +x, £27, ..., +2N7.

The maximum overshoot occurs at x = 7y
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Gibbs Phenomenon (cont.)

Now,
sin2Nx =0 if 2Nx = +x, £27, ..., +2N7.

The maximum overshoot occurs at x = 7 and its value is

s (5] 4ynsn:
N-1\oN) ~— 7 2k — 1
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Gibbs Phenomenon (cont.)

Now,
sin2Nx =0 if 2Nx = +x, £27, ..., +2N7.

The maximum overshoot occurs at x = 7 and its value is

vt (o) = T2e k-1
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Gibbs Phenomenon (cont.)

Now,
sin2Nx =0 if 2Nx = +x, £27, ..., +2N7.

The maximum overshoot occurs at x = 7 and its value is

vt (o) = T2e k-1

N . (2k—1)m
- (k=1)r N
k=1 2N

fasshauer@iit.edu MATH 461 — Chapter 3 25


http://math.iit.edu
http://math.iit.edu/~fass

Gibbs Phenomenon (cont.)

If we interpret
N

. (2k—1)w
Z Sin % 1
k-)r N
k=1 2N
as a partial Riemann sum with Ax = & and midpoints
xt =g, 30 BT for the partition 0, 7, 27, ..., DT 2 of [0, 7]
then
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Gibbs Phenomenon (cont.)

If we interpret

N sin (2k27N1)7r -
D @ N
k=1 2N
as a partial Riemann sum with Ax = & and midpoints
* _ m™ 31 (2N—1)7 g T 2r (N—1)r
X* = g5y 5>+ oy for the partition 0, §, 57, - .., = 7 of [0, 7]
then

™ 2 [Tsinx

s
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Gibbs Phenomenon (cont.)

If we interpret

N sin (2k27N1)7r -
D @ N
k=1 2N
as a partial Riemann sum with Ax = § and midpoints
* _ m™ 31 (2N—1)7 g T 2r (N—1)r
X* = g5y 5>+ oy for the partition 0, §, 57, - .., = 7 of [0, 7]
then

™ 2 [Tsinx

s

This integral can be evaluated numerically to get

fon_1 (%) ~ 1.178979744472167 . . ..
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Gibbs Phenomenon (cont.)

Since the actual size of the jump discontinuity is 2, we have an
approximately 9% overshoot. This is true in general [Pinsky, p. 60]:
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Gibbs Phenomenon (cont.)

Since the actual size of the jump discontinuity is 2, we have an

approximately 9% overshoot. This is true in general [Pinsky, p. 60]:
Theorem

If f is piecewise smooth on (—m, 7) then the overshoot of the truncated
Fourier series of f at a discontinuity xo (the Gibbs phenomenon) is
approximately 9% of the jump, i.e.,

0.09 [f(Xo+) — F(x0—)]
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Gibbs Phenomenon (cont.)
Since the actual size of the jump discontinuity is 2, we have an
approximately 9% overshoot. This is true in general [Pinsky, p. 60]:

Theorem

If f is piecewise smooth on (—x, ) then the overshoot of the truncated
Fourier series of f at a discontinuity xo (the Gibbs phenomenon) is
approximately 9% of the jump, i.e.,

0.09 [f(Xo+) — F(x0—)]

Remark

The “Gibbs phenomenon” was actually discovered by Henry
Wilbraham in 1848. Gibbs was just more famous, published in a better
journal (50 years later), and built in some mistakes — perhaps drawing
more attention to his work (for further discussion see [Trefethen,
Chapter 9]).
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Outline

© Fourier Sine and Cosine Series
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Fourier Sine and Cosine Series

We begin by reviewing the concepts of odd and even functions:
Definition
fis an odd function if f(—x) = —f(x) for all x in the domain of . J
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We begin by reviewing the concepts of odd and even functions:

Definition
fis an odd function if f(—x) = —f(x) for all x in the domain of .

Remark
@ The graph of an odd function is symmetric about the origin.
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Fourier Sine and Cosine Series

We begin by reviewing the concepts of odd and even functions:

Definition

fis an odd function if f(—x) = —f(x) for all x in the domain of .

Remark

@ The graph of an odd function is symmetric about the origin.

@ For an odd function we have | _LL f(x)dx = 0.
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Fourier Sine and Cosine Series

We begin by reviewing the concepts of odd and even functions:

Definition

fis an odd function if f(—x) = —f(x) for all x in the domain of .

Remark

@ The graph of an odd function is symmetric about the origin.

@ For an odd function we have | _LL f(x)dx = 0.

/_LLf(x)dx _ /_OLf(x)der/OLf(X)dx
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We begin by reviewing the concepts of odd and even functions:
Definition
fis an odd function if f(—x) = —f(x) for all x in the domain of .

Remark
@ The graph of an odd function is symmetr/'c about the origin.
® For an odd function we have [, f(x)dx = 0.
/f(x)dx _ / x)dx +/f
—{
du = fd
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We begin by reviewing the concepts of odd and even functions:

Definition

fis an odd function if f(—x) = —f(x) for all x in the domain of f.

Remark

@ The graph of an odd function is symmetric about the origin.

@ For an odd function we have | fL f(x)dx = 0.

/LLf(x)dx = /OL @ dX—|—/OLf(X)dX

u=—x
du = —dx

= /f u)du+/f
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We begin by reviewing the concepts of odd and even functions:

Definition

fis an odd function if f(—x) = —f(x) for all x in the domain of f.

Remark

@ The graph of an odd function is symmetric about the origin.

@ For an odd function we have | fL f(x)dx = 0.

/LLf(x)dx = /OL @ dX—|—/OLf(X)dX

u=—x
du = —dx

= = u)du+/f
LR/—/
=—f(u)
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We begin by reviewing the concepts of odd and even functions:
Definition

f is an odd function if f(—x) = —f(x) for all x in the domain of f.

Remark

@ The graph of an odd function is symmetric about the origin.

@ For an odd function we have | fL f(x)dx = 0.

/LLf(x)dx - /OL ) dx+/0Lf(x)dx

- U= —x
du = —dx

0 L
= —/ f(—u) du+/ f(x)dx
L S~~~ 0
=—f(u)

L L
= —/ f(u)du+/ f(x)dx
0 0

29
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We begin by reviewing the concepts of odd and even functions:
Definition

f is an odd function if f(—x) = —f(x) for all x in the domain of f.

Remark

@ The graph of an odd function is symmetric about the origin.
@ For an odd function we have | fL f(x)dx = 0.

/LLf(x)dx = /OL f(x) dx—|—/0Lf(x)dx

~—~
u=—x
du = —dx

= du+/ f(x
L R/—/
—f(u)

_/o f(u)du+/O f(x)dx =

MATH 461 — Chapter 3
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Fourier Sine and Cosine Series

Definition
f is an even function if f(—x) = f(x) for all x in the domain of f. J
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Fourier Sine and Cosine Series

Definition
f is an even function if f(—x) = f(x) for all x in the domain of f.

Remark
@ The graph of an even function is symmetric about the y-axis.
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Fourier Sine and Cosine Series

Definition
f is an even function if f(—x) = f(x) for all x in the domain of f.

Remark
@ The graph of an even function is symmetric about the y-axis.
@ For an even function we have

/_LL f(x)dx = 2/0L f(x)dx,

which can be shown similarly to the analogous property for odd
functions.
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Fourier Sine and Cosine Series

Let’s consider the Fourier series of an odd function

nmx
f(x )Nao+§[ancos [+ bysin L}
with
1t 1t nrx
a = ﬂ/,Lf(X)dX’ a”_Z/,Lf(X)COSTdX
by = 1/Lf(x)sinmxdx
"L/, L
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Let’s consider the Fourier series of an odd function

nmwx
f(x )Nao+§[ancos [+ bysin L}
with
1t 1 [t nmx
a = 2L[L@dx, a"_Z/,Lf(X)COSTdX
odd
1 [t . nmx
b, = Z[Lf(x)5|anx
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Let’s consider the Fourier series of an odd function

nmwx
f(x )Nao+§[ancos [+ bysin L}
with
1t 1 [t nmx
a = 2L[Li(ﬁdx_0, a"_Z/,Lf(X)COSTdX
odd
1t nwx
b, = Z[Lf(x)5|anx
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Fourier Sine and Cosine Series

Let’s consider the Fourier series of an odd function

nmx
f(x )~a0+nz_;[ancos [+ bnsin L}
with
a = / f(x) dx = a 1/L f(x)cosﬂ dx
° ~ 2L - EA L
odd odd -
1t . hmx
b, = z/_Lf(x)sdex
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Fourier Sine and Cosine Series

Let’s consider the Fourier series of an odd function

nmwx
f(x )~a0+z ancos 7% 4 b, sin
p— [ L L }
with
1 L 1 L
B = ﬂ/ f(x) dx =0, a”:Z/ f(x)cos?dx:o
LN~~~ —L~ .
odd odd even
odd

1 [t . nhmx
z/_Lf(x)sdex
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Fourier Sine and Cosine Series

Let’s consider the Fourier series of an odd function

nmwx
f(x)~ap+ Y ancos 7% 4 b, sin
5~ [ances % ¢ brsn
with
1t 1t nrx
ao 2L/7L\()2dx 0, an L/,L\(),QCOSLdX 0

odd odd -

odd

= sm— dx
by L/
odd odd
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Fourier Sine and Cosine Series

Let’s consider the Fourier series of an odd function

nmwx
f(x)~ap+ Y ancos 7% 4 b, sin
5~ [ances % ¢ brsn
with
1t 1t nrx
ao 2L/7L\()2dx 0, an L/,L\(),QCOSLdX 0

odd odd -

odd

b, = L/ sm—dx
odd

odd
~—_——
even
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Let’s consider the Fourier series of an odd function

nmx
f(x )~a0+nz_;[ancos [+ bysin L}
with
1/t 1 [t nmx
a = 2L/iLﬂ)’(ldx_O, an_Z[LL()Qcosde_O
odd odd -
odd
L
by = 1/ f(x )sm"7T /fx)sm—dx( By)
L) 1=~ L
odd e
————

even
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Let’s consider the Fourier series of an odd function

nmx
f(x )~a0+nz_;[ancos [+ basin = }
with
1/t 1 [t nmx
a = 2LLL@dX_O, an_Z[LL()Qcosde_O
odd odd -
odd
L
by = 1/ f(x) sin 77X / fx)sm—dx( By)
L) 1=~ L
odd e
—_——
even
Therefore,

o0
_nmx
X) ~ Y Bysin %,
n=1
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Let’s consider the Fourier series of an odd function

nmx
f(x )~a0+nz_;[ancos T +bnsin— }
with
1 L 1t nmx
a = ELL@dX_O, an_Z[LL()Qcosde_O
odd odd even
odd
L
by = 1/ f(x )sm’77T / fx)sm—dx( By)
L) 1=~ L
odd odd
—_———
even
Therefore,

x)NZB,,smﬂ

i.e., the Fourier series is automatically a Fourier sine series.
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What does the Fourier sine series of f converge to?
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Fourier Sine and Cosine Series

What does the Fourier sine series of f converge to?

Theorem

If f is piecewise smooth on [0, L], then the Fourier sine series of f
converges.
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Fourier Sine and Cosine Series

What does the Fourier sine series of f converge to?

Theorem

If f is piecewise smooth on [0, L], then the Fourier sine series of f
converges. Moreover,
@ at those points x where the odd periodic extension of f is

continuous, the Fourier sine series converges to the odd periodic
extension and
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What does the Fourier sine series of f converge to?

Theorem
If f is piecewise smooth on [0, L], then the Fourier sine series of f
converges. Moreover,

@ at those points x where the odd periodic extension of f is
continuous, the Fourier sine series converges to the odd periodic
extension and

@ at jump discontinuities of the odd periodic extension, the Fourier
sine series converges to the average of the left and right limits at
the jump.
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Fourier Sine and Cosine Series

Example

Figure: Plot of f(x) = 1 — § with x € [0, L].
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Fourier Sine and Cosine Series

Example

Figure: Plot of odd extension of f(x) =1 — £.
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Fourier Sine and Cosine Series

Example

Figure: Plot of odd periodic extension of f(x) =1 — 1.
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Fourier Sine and Cosine Series

Remark

Even if f is not an odd function, it may still be necessary to represent it
by a Fourier sine series.
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Fourier Sine and Cosine Series

Remark
Even if f is not an odd function, it may still be necessary to represent it
by a Fourier sine series.

v

Example
The heat equation problem

ou d2u
(x,t) = kW(x,t), O<x<L, t>0

at
u(0,t) = u(Lt)=0
u(x,0) = cos %(

has sines as eigenfunctions, so we need to find the Fourier sine series
expansion of f(x) = cos 7X.

V.
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Fourier Sine and Cosine Series

Example (cont.)

We know u(x, t) = »(x)G(t), with eigenvalues \, = (”T”)z
n=1,23,...and eigenfunctions

©n(Xx) = sin nLLX

as well as Gp(t) = ekt
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Fourier Sine and Cosine Series

Example (cont.)

We know u(x, t) = »(x)G(t), with eigenvalues \, = (”T”)z
n=1,23,...and eigenfunctions
©n(Xx) = sin nLLX

as well as Gp(t) = ekt
Therefore

Z B, sin —e ()t
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Fourier Sine and Cosine Series

Example (cont.)

We know u(x, t) = ¢(x)G(t), with eigenvalues X\, = (
n=1,23,... and eigenfunctions

nrx
on(x) = sin —
L
as well as Gp(t) = e MK,
Therefore -
— in 1TX o=k( )t
u(x,t) =Y _ Bysin e
n=1
and -
nmx
=N " B,sin —~
u(x,0) ; nsin =

nm
L

)
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Fourier Sine and Cosine Series

Example (cont.)

We know u(x, t) = ¢(x)G(t), with eigenvalues X\, = (
n=1,23,... and eigenfunctions

©n(Xx) = sin X
L
as well as Gp(t) = e MK,
Therefore -
— in 1TX o=k( )t
u(x,t) =Y _ Bysin e
n=1
and -
X
u(x,O)_;anm = WT

nm
L

)
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Fourier Sine and Cosine Series

Example (cont.)
In HW 3.3.2a you should show?

0, nodd

/ cos sm nn dx
B = e — U= 4n
L L Ty, neven

Remember that we established the orthogonality of sine and cosine only
on [—L, L], noton [0, L]
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Fourier Sine and Cosine Series

Example (cont.)
In HW 3.3.2a you should show?

/ cos 2 sin 7™ gx — 0 n oad
Bn=1 L ﬁ, n even
Therefore, letting n = 2k (even), we have
> i 2k7rX
c0s - =3 i 4k2 —)SN L

k=1

and the equality is true for 0 < x < L (since the cosine equals its odd
periodic extension there).

Remember that we established the orthogonality of sine and cosine only
on [—L, L], not on [0, L]
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Fourier Sine and Cosine Series

Example (cont.)
In HW 3.3.2a you should show?

/ cos =X sin X gx = 0 n oad
Bn=1 L ﬁ, n even
Therefore, letting n = 2k (even), we have
> i 2k7rX
c0s - =3 i 4k2 —)SN L

k=1

and the equality is true for 0 < x < L (since the cosine equals its odd
periodic extension there).

For x = 0 and x = L the series is zero (which is equal to the average
jump of the cosine function there).

Remember that we established the orthogonality of sine and cosine only
on [—L, L], not on [0, L]
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Fourier Sine and Cosine Series

Consider the Fourier series of an even function

I77T'X}

(x)~a0+2[a,,cos [+ basin =

n=1

with

bn =

—/ f(x)dx
an = /f cos@dx
o

x)sin nLLX dx

fasshauer@iit.edu MATH 461 — Chapter 3 37


http://math.iit.edu
http://math.iit.edu/~fass

Fourier Sine and Cosine Series

Consider the Fourier series of an even function

nmx
(x)~a0+§[ancos [+ basin L}
with
1 st
a = = f(x) dx
Tl
even
1t nmx
a, = Z[Lf(x)cosde
1t . nmx
b, = Z[Lf(x)5|anx
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Fourier Sine and Cosine Series

Consider the Fourier series of an even function

> nrx . nwx
f(x)~a+Y [a,, cos 7% 4 b, sin L}

L L
n=1
with

1 st o L
& = = fxdx:—/fxdx
0 = pr ) [0dx =5 ), W

even

1t nmwx
a, = Z[Lf(x)cosde

1 [t . nwXx
b, = Z[Lf(x)3|anx

fasshauer@iit.edu MATH 461 — Chapter 3 37


http://math.iit.edu
http://math.iit.edu/~fass

Fourier Sine and Cosine Series

Consider the Fourier series of an even function

> nrx . nwx
f(x)~a+Y [a,, cos 7% 4 b, sin L}

L L
n=1
with

1 st 1 L
& = = f(x dx:f/fxdx:A
0 = ar ) fdx=1 | f)dx(= )

even

1t nmwx
a, = Z[Lf(x)cosde

1 [t . nwXx
b, = Z[Lf(x)3|anx
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Fourier Sine and Cosine Series

Consider the Fourier series of an even function

> nrx . nwx
f(x) ~ ap + ; [a,, 008 = + bysin T}
with
.

aozﬂ f( dx_/f x)dx(= Ao)

even

a, = L/ fx)cos—dx

even
even

1t . nmx
b, = z/_Lf(x)sdex
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Fourier Sine and Cosine Series

Consider the Fourier series of an even function

f(x)~a+Y [a,, cos nLLX + bysin nLLX}

n=1

with

L L
a = ;L/L@dx_z/o f(x) dx(= Ao)

even

L
a, = 1/ f(x)cosﬂ dx
Lj_, L
~—_————
even
1 [t . nmx
b, = z/_Lf(x)sdex
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Fourier Sine and Cosine Series

Consider the Fourier series of an even function

> nrx . nwx
f(x)~a+Y [a,, cos 7% 4 b, sin L}

L L
n=1
with
4 L 1 L
& = = fxdx:f/fxdx:A
0 = o ) fde=1 | f0)dx(= )
even
L L
a, = 1/ f(x)cos% dx:g/ f(x)coswdx(:An)
L), L L Jo L
~—_————
even
1t . nmx
b, = z/_Lf(x)sdex
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Fourier Sine and Cosine Series

Consider the Fourier series of an even function

f(x) ~ap+ i [a,, cos nLLX + bpsin @}

L
n=1
with
4 L 1 L
& = = f(x dx:f/fxdx:A
0 = o ) fde=1 | f0)dx(= )
even
L L
a, = 1/ f(x)cos% dx:g/ f(x)coswdx(:An)
L), L L Jo L
~—_————

even

b, = L/ sm—dx

even
odd
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Fourier Sine and Cosine Series

Consider the Fourier series of an even function

> nrx . nwx
f(x)~a+Y [a,, cos 7% 4 b, sin L}

L L
n=1
with
4 L 1 L
& = = fxdx:f/fxdx:A
0 = o ) fde=1 | f0)dx(= )
even
L L
a, = 1/ f(x)cos% dx:g/ f(x)coswdx(:An)
L), L L Jo L
~—_————
even
L
by = 1/ f(x)sin X dx = 0
L/, L
N———
odd
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Fourier Sine and Cosine Series

Consider the Fourier series of an even function

> nrx . nwx
f(x)~a+Y [a,, cos 7% 4 b, sin L}

L L
n=1
with
4 L 1 L
a = fxdx:f/fxdx:A
0 = o [ [0 dx=7 [ 10)dx(=A0)
even
L L
a, = 1/ f(x)cos% dx:g/ f(x)cos%dx(:An)
L), L L Jo L
~—_————
even
L
by = 1/ f(x)sin 7% dx = 0
L), L
N———
odd
Therefore,
= nwx
f(x)~A0+ZA,,cosT,

n=1
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Fourier Sine and Cosine Series

Consider the Fourier series of an even function

> nrx . nwx
f(x)~a+Y [a,, cos 7% 4 b, sin L}

L L
n=1
with
4 L 1 L
& = 37 4@(1)(:[/0 f(x)dx(= Ao)
even
L L
a, = 1/ f(x)cos% dx:g/ f(x)coswdx(: An)
L), L L Jo L
even
L
by = 1[/ f(x)sin”iLde:o
—L. ,
odd
Therefore,

f(x) ~ Ao+ 3 Ancos ”LLX

n=1
i.e., the Fourier series is automatically a Fourier cosine series.

fasshauer@iit.edu MATH 461 — Chapter 3 37



http://math.iit.edu
http://math.iit.edu/~fass

Fourier Sine and Cosine Series

Theorem

If f is piecewise smooth on [0, L|, then the Fourier cosine series of f
converges.
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Fourier Sine and Cosine Series

Theorem
If f is piecewise smooth on [0, L|, then the Fourier cosine series of f
converges. Moreover,
@ at those points x where the even periodic extension of f is
continuous, the Fourier cosine series converges to the even
periodic extension and
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Fourier Sine and Cosine Series

Theorem

If f is piecewise smooth on [0, L|, then the Fourier cosine series of f
converges. Moreover,

@ at those points x where the even periodic extension of f is
continuous, the Fourier cosine series converges to the even
periodic extension and

@ at jump discontinuities of the even periodic extension, the Fourier

cosine series converges to the average of the left and right limits
at the jump.
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Fourier Sine and Cosine Series

Theorem

If f is piecewise smooth on [0, L|, then the Fourier cosine series of f
converges. Moreover,

@ at those points x where the even periodic extension of f is
continuous, the Fourier cosine series converges to the even
periodic extension and

@ at jump discontinuities of the even periodic extension, the Fourier

cosine series converges to the average of the left and right limits
at the jump.

Remark

Note that jump discontinuities are possible only for0 < x < L, i.e., if f
itself had jump discontinuities. The even periodic extension cannot
have any jumps at x =0 or x = +L.

v
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Fourier Sine and Cosine Series

Example

17

Figure: Plot of f(x) = x + 1 with x € [0, L].
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Fourier Sine and Cosine Series

Example

7

Figure: Plot of even extension of f(x) = x2 + 1.
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Fourier Sine and Cosine Series

Example

D N N

-3L -L 0 L 3L SL

Figure: Plot of even periodic extension of f(x) = x? + 1.
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Fourier Sine and Cosine Series

Example

Find the Fourier cosine series expansion of the function

IA A
x X
™~ M=

o
o~ O
IN A

and sketch its graph.
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Fourier Sine and Cosine Series

Example

Find the Fourier cosine series expansion of the function

< L
=4 9=X<z
0, 5 <x< L
and sketch its graph.
-
H 0 L
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Fourier Sine and Cosine Series

Example

Find the Fourier cosine series expansion of the function

< L
=4 9=X<z
0, 5 <x< L
and sketch its graph.
—t
H 0 L
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Fourier Sine and Cosine Series

Example

Find the Fourier cosine series expansion of the function

< L
=4 9=X<z
0, 5 <x< L
and sketch its graph.
—t
3 H 0 L 3L ‘
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Fourier Sine and Cosine Series

Example

Find the Fourier cosine series expansion of the function

1 < -
=4 9=X<z
0, <x< L
and sketch its graph.
—t
3L 1 0 L ‘ :
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Fourier Sine and Cosine Series

Example (cont.)
Let’s compute the Fourier cosine coefficients:

1 L
A = —/ f(x)dx
LJo
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Fourier Sine and Cosine Series

Example (cont.)
Let’s compute the Fourier cosine coefficients:

1 L
A = —/ f(x)dx
LJo

1 T rLre L
= - / 1dX+/ 0dx
L1Jo L)2

fasshauer@iit.edu MATH 461 — Chapter 3

41



http://math.iit.edu
http://math.iit.edu/~fass

Fourier Sine and Cosine Series

Example (cont.)
Let’s compute the Fourier cosine coefficients:

1 L
A = —/ f(x)dx
LJo

L/2 L
/ 1dx + / 0dx
0 L/2

~= o~

N~
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Fourier Sine and Cosine Series

Example (cont.)
Let’s compute the Fourier cosine coefficients:

1 L
A = —/ f(x)dx
LJo

L/2 L
/ 1dx + / 0dx
0 L/2

~= o~

N~

1
2
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Fourier Sine and Cosine Series

Example (cont.)

2 L
A = —/ f(x) cos
L Jo

fasshauer@iit.edu
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Fourier Sine and Cosine Series

Example (cont.)

An =

L/2 P L

1cosixdx+ Ocosﬂdx
L L2 L

=~ =N

/ f(x)cos T X dx
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Fourier Sine and Cosine Series

Example (cont.)

f(x) cos nLLX dx

Lj2 nwx
/ cos — dx +
0 L

s

An =

o\'\

=N =N =N

31~

nmx
0 cos — dx
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Fourier Sine and Cosine Series

Example (cont.)

An =

2 [t nmx

i /0 f(x) cos e dx

2 L/2 - L
- / cos — dx +
L|Jo L L/2
2 L [Sin nﬂ'X} L/2

Lnr U7 L lo

2 sin n

nm 2

0 cos nLLX dx]
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Fourier Sine and Cosine Series

Example (cont.)

An

f(x) cos UL

~InN
o\
2

L
2 L/2 L
I [/0 cosde+ L/ZOCosde]
2L Tin X]
Lnm L lo
isin@ _ {0, n =2k even
nt= 2 @roty 1)1 n=2k —1 odd
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Fourier Sine and Cosine Series

Example (cont.)

2 L
Ap = L/o f(x)cosde
2 L/2 L
= Z A COSTdX+ L/2
2L [Sin nWX}L/2
~ Lnr L o
= Esinﬂf 0,
o2 | @ (1), n=2k —10dd
Therefore

n = 2k even

(2k — 1)mx

f(x) ~ 1 +§: 2(-1)* cos

2k — )7

L
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Fourier Sine and Cosine Series

Example (cont.)

2 (L nmwx
Ap = L/o f(x)cosde
2 L/2 L
= - / cos@der Ocosﬂdx
L1|/o L L/2 L
2 L [Sin nWX}L/2
~ Lnr L o
2 sin nm 0, n = 2k even
on 2 (2k31)ﬂ(—1)"+1, n =2k — 1 odd
Therefore
> il (2k — 1)nx

.
f(X)N2+kz_:(2(k—1) cos i

Note that “~” equals “=" for all x € [0, L] except x = 5.
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Even and odd parts of functions
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Fourier Sine and Cosine Series

Even and odd parts of functions
Theorem

Any function f can be written as the sum of an even and an odd
function:

f(x) = [f(X)+f(—X)]+%[f(X)—f(—X)]

(l\)l -

J/

::;(:(X) ::;or(x)
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Even and odd parts of functions
Theorem

Any function f can be written as the sum of an even and an odd
function:

f(x) = 2 1F06) + F(=00] + 3 [1(x) — ()]

::;(.:(X) ::;or(x)

Proof.
Indeed, f. is even

fo(—x) = 3 () + 1(x)]
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Even and odd parts of functions
Theorem

Any function f can be written as the sum of an even and an odd
function:

f(x) = 2 1F06) + F(=00] + 3 [1(x) — ()]

::;(.:(X) ::;or(x)

Proof.
Indeed, f. is even

() = J [f(-X) + F(3)] = (0),
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Even and odd parts of functions
Theorem

Any function f can be written as the sum of an even and an odd
function:

f(x) = 2 1F06) + F(=00] + 3 [1(x) — ()]

::;(.:(X) ::;or(x)

Proof.
Indeed, f. is even

() = 3 () + 1(x)] = ()
and f, is odd

fo(—x) = 3 [(~x) — (x)]
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Even and odd parts of functions
Theorem

Any function f can be written as the sum of an even and an odd
function:

f(x) = 2 1F06) + F(=00] + 3 [1(x) — ()]

::;(.:(X) ::;or(x)

Proof.
Indeed, f. is even

() = 3 () + 1(x)] = ()
and f, is odd

fo(—x) = 3 [F(=3) — F(x)] = 5 [f(x) ~ F(~)
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Even and odd parts of functions
Theorem

Any function f can be written as the sum of an even and an odd
function:

f(x) = 2 1F06) + F(=00] + 3 [1(x) — ()]

::;(.:(X) ::;or(x)

Proof.
Indeed, f. is even

() = 3 () + 1(x)] = ()
and f, is odd

fo(—x) = 3 [F(=3) — F()] = ~ 5 [F(x) — F(~2)] = ~1o(x).
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Fourier Sine and Cosine Series

Now, the Fourier series for an arbitrary function f is given by

f(x )~ao+Zancos +ansm

n=1

[\

~~

even odd

with Fourier coefficients

1 L 1t nmx 1t . nTXx
ao—ﬂ/_Lf(X)dX7 an—z/_Lf(X)CosTan bn—z/_Lf(X)SdeX‘
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Fourier Sine and Cosine Series

Now, the Fourier series for an arbitrary function f is given by

f(x )~ao+Zancos +ansm

n=1

[\

~~

even odd

with Fourier coefficients
ap = 217 /_LL f(x)dx, a, = 1L/_LL f(x) cos nLLde, b, = 1L/_LL f(x) sin nLLXdX.
On the other hand, _

; bp sin nLLX

is a Fourier sine series.
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Now, the Fourier series for an arbitrary function f is given by

f(x )~ao+Zancos +ansm

n=1

[\

~~

even odd
with Fourier coefficients

1 L 1t nmx 1t . nTXx
ao—ﬂ/_Lf(X)dX7 an—z/_Lf(X)CosTan bn—z/_Lf(X)SdeX‘
On the other hand,

o0

. nmx
ansmT
n=1

is a Fourier sine series.
However, it is the Fourier sine series of f,, not of f!
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Now, the Fourier series for an arbitrary function f is given by

f(x )~ao+Zancos +ansm

n=1

~~

even odd
with Fourier coefficients

1 L 1t nmx 1t . nTXx
ao—ﬂ/_Lf(X)dX7 an—z/_Lf(X)CosTan bn—z/_Lf(X)SdeX'
On the other hand,

o0

. nmx
ansmT
n=1

is a Fourier sine series.
However, it is the Fourier sine series of f,, not of f!
Note that the Fourier sine series of f has coefficients

2 [t . nmx
B,,_L/O f(x)sdex.
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Fourier Sine and Cosine Series

We can make a similar observation for cosine.

Therefore,

[ee]
nrx  nmx
a+y {ancos % + b, sin %}

n=1

Fourier series of f

(e e} o0

nwx nmx

= a +ZancosT+ansmT
n=1 n=1

/

cosine series of fg sine series of f,
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Summary: Convergence of Fourier series

Let f be piecewise smooth. Then
@ The Fourier series of f is continuous for all x —

fasshauer@iit.edu MATH 461 — Chapter 3 46


http://math.iit.edu
http://math.iit.edu/~fass

Summary: Convergence of Fourier series

Let f be piecewise smooth. Then
@ The Fourier series of f is continuous for all x —
e fis continuous on [—L, L] (i.e., no jumps inside) and
o f(—L) = f(L) (i.e., no jumps at end).
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Summary: Convergence of Fourier series

Let f be piecewise smooth. Then
@ The Fourier series of f is continuous for all x —
e fis continuous on [—L, L] (i.e., no jumps inside) and
o f(—L) = f(L) (i.e., no jumps at end).
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Fourier Sine and Cosine Series

@ The Fourier cosine series of f is continuous for all x =
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Fourier Sine and Cosine Series

@ The Fourier cosine series of f is continuous for all x —
e fis continuous on [0, L].
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Fourier Sine and Cosine Series

@ The Fourier cosine series of f is continuous for all x —
e fis continuous on [0, L].
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Fourier Sine and Cosine Series

@ The Fourier sine series of f is continuous for all x —
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Fourier Sine and Cosine Series

@ The Fourier sine series of f is continuous for all x —
e fis continuous on [0, L] (i.e., no jumps inside) and
o f(0) = f(L) =0 (i.e., no jumps at end).
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Fourier Sine and Cosine Series

@ The Fourier sine series of f is continuous for all x —
e fis continuous on [0, L] (i.e., no jumps inside) and
e f(0) = f(L) =0 (i.e., no jumps at end).
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Outline

© Term-by-Term Differentiation of Fourier Series
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Term-by-Term Differentiation of Fourier Series

Recall that in HW 2.5.5¢ we had to deal with the boundary condition

ou
57 (1.0 =1(0).

where o
u(r,0) = Z B,r?"sin2n6.

n=1
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Term-by-Term Differentiation of Fourier Series

Recall that in HW 2.5.5¢ we had to deal with the boundary condition

ou
57 (1.0 =1(0).

where o
u(r,0) = Z B,r?"sin2n6.
n=1

In order to determine the coefficients B, we needed to differentiate the
infinite series, i.e., find

E;Lrl(r, 0) = 2nB,r®" ' sin2np.
n=1
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Term-by-Term Differentiation of Fourier Series

Recall that in HW 2.5.5¢ we had to deal with the boundary condition

ou
5, (1.6) = 1(6),

where -
u(r,0) = Z B,r?"sin2n6.
n=1
In order to determine the coefficients B, we needed to differentiate the
infinite series, i.e., find

ou

E(ﬂ 0) = ZZnB,,rZ”*1 sin 2né.

n=1

Was this justified?
Does this new series converge? If so, does it converge to a“(r 0)?
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Term-by-Term Differentiation of Fourier Series

Example

Consider the function f(x) = x, and find its Fourier sine series.
Then, compare the termwise derivative of the series with the “correct”

derivative f'(x) = 1.

fasshauer@iit.edu MATH 461 — Chapter 3 51


http://math.iit.edu
http://math.iit.edu/~fass

Term-by-Term Differentiation of Fourier Series

Example

Consider the function f(x) = x, and find its Fourier sine series.
Then, compare the termwise derivative of the series with the “correct
derivative f'(x) = 1.

We know

1]

oo
_nmx
X ~ ;B,,smL

with

2 (L nrx
B,,_L/O xsdex.

fasshauer@iit.edu MATH 461 — Chapter 3 51


http://math.iit.edu
http://math.iit.edu/~fass

Term-by-Term Differentiation of Fourier Series

Example (cont.)
Using integration by parts we have

2 (L nrx
B, = Z/o xsdex
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Using integration by parts we have

B, = L/ xsm—dx

L nmx

— _ —X— .

0S L+ L /Lcos mTde
L nm L 0

L L
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Using integration by parts we have

B, = L/ xsm—dx

L nmwx
= —X—COS ——
nm L |,

Z
2l e LS
L

L
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Example (cont.)
Using integration by parts we have

2 L nax
B, = L/o xsdex
o[ L nrx | L/L nmx
= —|—-X—0C60S ——| + — cos —— dx
L nm L |, nmJjo L
_ 2 _ L—zcosn +L—23inﬂL
T L T T 2 L o
2 2
= L_—mTCOSHﬂ']
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Example (cont.)
Using integration by parts we have

2 L nax
o[ L nrx | L/L nmx
= —|—-X—0C60S ——| + — cos —— dx
L nm L |, nmJjo L
= g__Ecosn +L723inmL
T L T T 2 L o
2 L2 2L n
= 7 _—mrcosmr] __E(_U
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Using integration by parts we have

2 L nax
o[ L nrx | L/L nmx
= —|—-X—0C60S ——| + — cos —— dx
L nm L |, nmJjo L
— g__Ecosn +L723inmL
T L T T 2 L o
2 L2 2L n
= 7 _—mcosmr] __E(_”

Therefore,

o %i (=)™ nax

Sin [
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Using integration by parts we have

2 (b nnx

2 L nex|b L /L nwx
= —|—-X—0C60S ——| + — cos —— dx
L nm L |, nmJjo L
— g__Ecosn +L723inmL
L | nw T (nm)? L
2 L2 2L n
= 7 _—mcosmr] __E(_”
Therefore,
2L o°( 1)”+1 . nmx
XN—Z ———sin—

for which we know that “~” equals “="for 0 < x < L.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Now we consider the termwise derivative of the Fourier sine series

2L K (-1 nrx
Xw?; ———sin—~,

fasshauer@iit.edu MATH 461 — Chapter 3

53


http://math.iit.edu
http://math.iit.edu/~fass

Term-by-Term Differentiation of Fourier Series

Example (cont.)
Now we consider the termwise derivative of the Fourier sine series

2L K (-1 nrx
Xw?; ———sin—~,

2L (=)™ nr nmx

T n L L

n=1
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Now we consider the termwise derivative of the Fourier sine series

2L K (-1 nrx
Xw?; ———sin—~,

2L (=)™ nr nmx

T n L L

n=1

> nrx

— _ 1+t
= 2;( 1)"" cos =
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Now we consider the termwise derivative of the Fourier sine series

X q4\n+1
x~2—LZ( 1) sin 77X

T n L
n=1
i.e.,
2L o= (1)
T n L L
n=1
2N 1)™ gos X
= 2) (-1)"""cos T
n=1
Remark

Note that this is a divergent series since the terms in the sequence do
not approach zero for n — oo, and therefore the series diverges by the
standard test for divergence from calculus.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Obviously, we must conclude that

1423 (~1)"" cos ”LLX
n=1
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Obviously, we must conclude that

nmwx

4 \n+1
1752;( 1) cos =

In fact, the Fourier cosine series of f'(x) = 1 is given by

f(x)=1~1,

a=1, a,=0forn>1.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Obviously, we must conclude that

nmwx

_ {1 el
1#£2) (-1)""cos T
n=1
In fact, the Fourier cosine series of f'(x) = 1 is given by
f(x)=1~1,

i.e.,
a=1, a,=0forn>1.

Obviously, we could replace “~” by “=".
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Why did this not work?
What caused the trouble?
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Why did this not work?
What caused the trouble?

Figure: Plot of f(x) = x for 0 < x < L.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Figure: Plot of odd extension of f(x) = x.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Figure: Plot of odd periodic extension (actually, Fourier sine series) of
f(x) = x.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Figure: Plot of odd periodic extension (actually, Fourier sine series) of
f(x) = x.

The jumps in the Fourier sine series at odd multiples of L prevent the
series from being differentiable.
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Term-by-Term Differentiation of Fourier Series

Theorem (Differentiation of Fourier Series)

A continuous Fourier series can be differentiated term-by-term
provided f' is piecewise smooth.
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Term-by-Term Differentiation of Fourier Series

Theorem (Differentiation of Fourier Series)

A continuous Fourier series can be differentiated term-by-term
provided f' is piecewise smooth.

Remark

@ In other words, the Fourier series of a continuous function f which

satisfies f(—L) = f(L) can be differentiated term-by-term provided
f" is piecewise smooth.
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Term-by-Term Differentiation of Fourier Series

Theorem (Differentiation of Fourier Series)

A continuous Fourier series can be differentiated term-by-term
provided f' is piecewise smooth.

Remark
@ In other words, the Fourier series of a continuous function f which
satisfies f(—L) = f(L) can be differentiated term-by-term provided
f" is piecewise smooth.
@ Piecewise smoothness of f' ensures that its Fourier series
converges.
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Proof

The Fourier series of f is

[o.¢]
nmx . nmx
f(x) ~ap+ ; [an cos I + bp sin T] (2)
with
1/t 1 [t nrx 1t . nmx
& =5 /_L f(x)dx, ap,= 7 /_L f(x) cos %dx, bp = I /_L f(x) sin de.
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Proof

The Fourier series of f is

()

f(x) ~ap+ Z [an cos nLLX + bpsin nLLX]

n=1

with
1 [t 1t nwx 1t _nnx
a = ﬂ/—L f(x)dx, ap,= z/_L f(x) cos de, bp = Z/—L f(x) sin de.

Since f' is piecewise smooth, it has a convergent Fourier series of the
form

= n .n
F(x) ~ Ao+ [Ancos %X + Bysin %X} 3)
n=1

with

L
A = / f'(x)dx, A, =+ / f'(x cos—dx B, = / f'(x) sin -4
2L ;N
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Term-by-Term Differentiation of Fourier Series

If allowed, term-by-term differentiation of the Fourier series (2), i.e.,

f(x) ~ao+ i {an cos

n=1

nmXx . nNmXxX
=L+ basin T

would yield
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Term-by-Term Differentiation of Fourier Series

If allowed, term-by-term differentiation of the Fourier series (2), i.e.,

> nmx . hmx
f(x) ~ ap + ; {an cos I + by sin T]
would yield
, > _ : n7TX nmwx
f'(x) nz_;[ [-ansin —— Lb" cos L}
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Term-by-Term Differentiation of Fourier Series

If allowed, term-by-term differentiation of the Fourier series (2), i.e.,

> nmx . hmx
f(x) ~ ap + ; {an cos I + by sin T]
would yield
, > _ : n7TX nmwx
f'(x) Z[ [-ansin —— Lb" cos L}

n=1
Therefore, comparing with (3), we need to show that

nm nm

AO = 07 An = Tbn, Bn = —Tan
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Term-by-Term Differentiation of Fourier Series

Let’s actually compute the Fourier coefficients of ' based on the
information we have:

Ay = 1/Lf’(x)dx
° ~ 21/,
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Term-by-Term Differentiation of Fourier Series

Let’s actually compute the Fourier coefficients of ' based on the
information we have:

Ay = 1/Lf’(x)dx
° ~ 21/,

1
= o M5,
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Term-by-Term Differentiation of Fourier Series

Let’s actually compute the Fourier coefficients of ' based on the
information we have:

L
A = ;L/Lf’(x)dx
1
= o M5,

1
= 5[ - #(-L)]
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Term-by-Term Differentiation of Fourier Series

Let’s actually compute the Fourier coefficients of ' based on the
information we have:

L
A = ;L/Lf’(x)dx
1
= o M5,
1
= 57 [f(L) —f(=L)]

Since we assumed that the Fourier series of f is continuous,
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Term-by-Term Differentiation of Fourier Series

Let’s actually compute the Fourier coefficients of ' based on the
information we have:

L
Ay = ;L/Lf’(x)dx
1
= o 5,

1
= 57 (L)~ f(-0)

Since we assumed that the Fourier series of f is continuous, i.e., in
particular, that f(L) = f(—L), we have

Ay = 0.
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Term-by-Term Differentiation of Fourier Series

0ot nmx
A = Z/_Lf(X)COSTdX

fasshauer@iit.edu MATH 461 — Chapter 3 62


http://math.iit.edu
http://math.iit.edu/~fass

Term-by-Term Differentiation of Fourier Series

1t nmX . parts [ y=cos ™, du=—07sin 1mXdx
= — - — - L9 - L L
An [/, f'(x) cos 1 dx [ v = PxJdx, v = f(x)
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Term-by-Term Differentiation of Fourier Series

nmx parts [ u=cos 77*, du= —IF sin ZXdx
A = L / ) cos T dx "= [ dv = f’(x)dx V= f(x)L
= 1 cos — / f(x)— sm — dx
= 7 L
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Term-by-Term Differentiation of Fourier Series

An N Z / COS nLL)( dx pa:ns [ ZV::CC;IS(;;TS;(, guizf&;% Sin nLLde
1 . nmw . Nmx
= L[ X)Cos—‘ /_Lf(X)LS'”/_dX
—nrbn
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Term-by-Term Differentiation of Fourier Series

1/t nmx parts [ u=cos 27*, du= —2F sin ZXdx
A = L/Lf’(x)cosde = [dv:f’(x)de, v=fx)
1] nmx (L L nr . nmx
= 7 f(X)COST‘,LJr _Lf(x)Tsdex
:nvﬂ'bn
1 -
= 7 f(L) cos nm — f(—L) cos(—nn) + nrby
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Term-by-Term Differentiation of Fourier Series

1/t nmx parts [ u=cos 27*, du= —2F sin ZXdx
A = L/Lf’(x)cosde = [dv:f’(x)de, v=fx)
1] nmx (L L . nm . nmx
= 7 f(X)COST‘,LJr _Lf(x)Tsdex
:nvﬂ'bn
1 -
= - f(L)cosmr—f(—L)cos(—n7r)+n7rb,,]
LL ~——
=Cos nm
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Term-by-Term Differentiation of Fourier Series

- 1 f(x)cosi‘ +/L f(x)@sin@dx
L L Jo L L
—nrby

1r
- _ f(L)cosmr—f(—L)cos(—mr)ijrbn}

Ll

=CO0s nm

1r

= 1 _(f(L) - f(—L)> cos nm + mrbn}
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Term-by-Term Differentiation of Fourier Series

1t ! parts [ u=cos 7*,  du= —1 sin “¥dx
A = L =-1 L
Z L /L F(x) OS L d [ dv = f'(x)dx, v=f(x)

1] nmx|L L . nm . nmx

= 7 f(x)cosL‘LJr/_Lf(x)Lsdex
—nrby

_ 1 _f(L) cos ni — f(—L) cos(—nr) +n7rb,,}

LL ~——

=CO0s nm

= J[( ) -f-L) )eosnr+ nrb)

Ly Qe I

=0, since F.S. of f cont.
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Term-by-Term Differentiation of Fourier Series

1 [t parts u=-cos ™  du= —17gin ™dx
An = L /L f/(X) g0 T d [ av = f’(x)LdX, v= f(x)L ‘
1] nmx|L L .nt . nmx
= 7 f(x) cos T‘—L + » f(X)T sin —— dx
nmbn
1 -
= —|f(L)cosnm — f(—L) cos(—n7r)+n7rb,,}
LL ~———
=CO0s nm
1 -
- ( F(L) — f(—L) ) cos nr + mrbn}
LI\ e—_—
=0, since F.S. of f cont.
n
= Tﬂ-bn
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Term-by-Term Differentiation of Fourier Series

1 [t parts u=-cos ™  du= —17gin ™dx
An = L /L f/(X) g0 T d [ av = f’(x)LdX, v= f(x)L ‘
1] nmx|L L .nt . nmx
= 7 f(x) cos T‘—L + » f(X)T sin —— dx
nmbn
1 -
= —|f(L)cosnm — f(—L) cos(—n7r)+n7rb,,}
LL ~———
=CO0s nm
1 -
- ( F(L) — f(—L) ) cos nr + mrbn}
LI\ e—_—
=0, since F.S. of f cont.
n
= Tﬂ-bn

B, is treated similarly. [J
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Term-by-Term Differentiation of Fourier Series

If the Fourier series of f is not continuous, i.e., if f(—L) # f(L), then the
proof above shows us that

Ao = o [(L)~ f(-L)],

Ao = LD — (D) +
nm
B, = — an-

bn,
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Term-by-Term Differentiation of Fourier Series

If the Fourier series of f is not continuous, i.e., if f(—L) # f(L), then the
proof above shows us that

Ao = o [(L)~ f(-L)],

Ao = (DL — =01+ Tbn,
nm

Bn = —Tan

Therefore, even if the Fourier series of f itself is not continuous, the
Fourier series of the derivative of a continuous function f is given by

fl(x) ~ [f L)] + Z (
n7r
L

nm nmwx
—f(-L)] + Lb”> cos ——

mra sin
L n
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Term-by-Term Differentiation of Fourier Series

Theorem (Differentiation of Fourier Cosine Series)

A continuous Fourier cosine series can be differentiated term-by-term
provided f' is piecewise smooth.
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Term-by-Term Differentiation of Fourier Series

Theorem (Differentiation of Fourier Cosine Series)

A continuous Fourier cosine series can be differentiated term-by-term
provided f' is piecewise smooth.

Remark
@ In other words, the Fourier cosine series of a continuous function f
can be differentiated term-by-term provided f' is piecewise
smooth.
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Term-by-Term Differentiation of Fourier Series

Theorem (Differentiation of Fourier Cosine Series)

A continuous Fourier cosine series can be differentiated term-by-term
provided f' is piecewise smooth.

Remark
@ In other words, the Fourier cosine series of a continuous function f
can be differentiated term-by-term provided f' is piecewise
smooth.
@ No additional end conditions are required for f since f(—L) = f(L)
is automatically satisfied due to even extension.
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Term-by-Term Differentiation of Fourier Series

Theorem (Differentiation of Fourier Cosine Series)

A continuous Fourier cosine series can be differentiated term-by-term
provided f' is piecewise smooth.

Remark
@ In other words, the Fourier cosine series of a continuous function f
can be differentiated term-by-term provided f' is piecewise
smooth.
@ No additional end conditions are required for f since f(—L) = f(L)
is automatically satisfied due to even extension.

Proof.
HW 3.4.4b
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Term-by-Term Differentiation of Fourier Series

Example
Consider again the function f(x) = x, but now find its Fourier cosine

series.
Can we apply term-by-term differentiation?
If so, what is the derivative?
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Term-by-Term Differentiation of Fourier Series

Example

Consider again the function f(x) = x, but now find its Fourier cosine
series.

Can we apply term-by-term differentiation?

If so, what is the derivative?

We know

nmwXx

x~A0+;AncosL

with

1 L
Ay = L/Oxdx
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Term-by-Term Differentiation of Fourier Series

Example

Consider again the function f(x) = x, but now find its Fourier cosine
series.

Can we apply term-by-term differentiation?

If so, what is the derivative?

We know

nmwXx

x~A0+;AncosL

with

1 [t 112
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Term-by-Term Differentiation of Fourier Series

Example

Consider again the function f(x) = x, but now find its Fourier cosine
series.

Can we apply term-by-term differentiation?

If so, what is the derivative?

We know

nmwXx

x~A0+;AncosL

with

1 [t 112

N~

I
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Term-by-Term Differentiation of Fourier Series

Example

Consider again the function f(x) = x, but now find its Fourier cosine
series.

Can we apply term-by-term differentiation?

If so, what is the derivative?

We know

ad nmx
XNAo—i-ZAnCOST
n=1
with
L
A = L/ xdx————E

A, = L/o xcosde.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

2 (L nmx
A, = z/o xcosde
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

2 (L nmwx
A = = -
n i /0 X COS 1 dx
parts 2 L . nmax|t L
= Z|x—sin—=| —
L nm L |, nm

L
. nmx
—/ sin — dx
0

L
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

2 (L nmwx
A, = I /0 X COS I dx
parts 2 L nrx |t L
= —_ X— [ —
L nm L |, nm
B L nmx ‘L
 nnnrw L

_/OL

. nmx
sin I dx
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

2 (L nmwx
A, = I /0 X COS I dx
parts 2 L . nax|t L
= Z|x—sin—=| —
L nm L |, nm
B 2 L nmx ‘L
 nnnrw L

= el -1l

_/OL

. nmx
sin I dx

MATH 461 — Chapter 3
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

2 /Lxcos nmx dx
L Jo L

2 L . nmx L L /L . nmx
— | x—sin——| — — sin —— dx
L| nr L |, nmJjo L
2 L nﬂ'X‘L
nm nw L
2L 0 for n even
—N)"—1] ="
(nm)2 [(=1)"=1] —#, for n odd
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

2/Lxcosmrxdx
L Jo L

parts 2 L . nax|t

= — | X— SIn ——
L T L
2 L

nmx L
—— COS 7‘
nm nw L

2L 0,
~ eV :{— 2

Therefore, with n = 2k — 1,
L 4L & 1

L /L . nmx ]
- — sin — dx
nm 0 L

X~ = ——
2 _
2w i (2k—1)

for n even
(e for n odd
(2k — 1)mx
5 COS I
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Figure: Plot of f(x) = x for 0 < x < L.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Figure: Plot of even extension of f(x) = x.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Figure: Plot of odd periodic extension (i.e., Fourier cosine series) of f(x) = x.

v
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Figure: Plot of odd periodic extension (i.e., Fourier cosine series) of f(x) = x.

From the plots it is clear that “~” equals “="in (4) for 0 < x < L.

v
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Since f and its Fourier cosine series are continuous we can now
perform the term-by-term derivative of the Fourier cosine series from
(4)

(2k —1)mx

Z 2k—1)2 L

=1N| N

L
T2
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Since f and its Fourier cosine series are continuous we can now
perform the term-by-term derivative of the Fourier cosine series from

(4)

L 4L& 1 (2k — 1)nx
XN2_2;(2k—1)2 R T
i.e.,
4L & sin (2K — 1)mx
T~ 2;_: 2k—1 L
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Since f and its Fourier cosine series are continuous we can now
perform the term-by-term derivative of the Fourier cosine series from

(4)

L 4L& (2k—1)7rx
Nz_ekz_: 2k—1)2 L
i.e.,
4L & sin (2K = )X
T~ 7722_: 2k—1 L
AL sin (2K = 1)rx
- EZ 2k—1 L ‘ ©)

1

fasshauer@iit.edu MATH 461 — Chapter 3

68


http://math.iit.edu
http://math.iit.edu/~fass

Term-by-Term Differentiation of Fourier Series

Example (cont.)

Since f and its Fourier cosine series are continuous we can now
perform the term-by-term derivative of the Fourier cosine series from

(4)
L 4L og (2K —1)7x
NE_TKZZ: 2k—1)2 L
i.e.,
’ 4L > s sin (2k — 1)7x
w2 — (2k—1)L L
4 & 1 i (2k — 1)mx
= =Y sin . (5)
™= 1(2/(—1) L
Remark

Note that this is the Fourier sine series of f'(x) =1, for0 < x < L.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

Figure: Plot of Fourier sine series of f'(x) = 1.

Note that due to the jumps in the graph of the Fourier sine series “~”
equals “="in (5) only for 0 < x < L.
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Term-by-Term Differentiation of Fourier Series

Theorem (Differentiation of Fourier Sine Series)

A continuous Fourier sine series can be differentiated term-by-term
provided f' is piecewise smooth.
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Term-by-Term Differentiation of Fourier Series

Theorem (Differentiation of Fourier Sine Series)

A continuous Fourier sine series can be differentiated term-by-term
provided f' is piecewise smooth.

Remark

In other words, the Fourier sine series of a continuous function f which
satisfies f(0) = f(L) = 0 can be differentiated term-by-term provided f'
is piecewise smooth.
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Term-by-Term Differentiation of Fourier Series

Theorem (Differentiation of Fourier Sine Series)

A continuous Fourier sine series can be differentiated term-by-term
provided f' is piecewise smooth.

Remark

In other words, the Fourier sine series of a continuous function f which
satisfies f(0) = f(L) = 0 can be differentiated term-by-term provided f'
is piecewise smooth.

Proof.
See the textbook [Haberman] on pages 116-117. O
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Term-by-Term Differentiation of Fourier Series

From the proof of the theorem we get that if  is continuous, but does
not satisfy 7(0) = (L) = 0, with Fourier sine series

oo
. nmx
n=1
then, provided f’ is piecewise smooth, we get the Fourier cosine series

f/(x) ~ 1Z [F(L) — FO)] + <nL7TB,~, + % [(—1)"f(L) — f(O)]> cos —~.
n=1
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Term-by-Term Differentiation of Fourier Series

Example
We saw earlier that for the function f(x) = x we have

2L XK (—1)™T . nrx

x==3" sin , 0<x<L

T n L
n=1
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Term-by-Term Differentiation of Fourier Series

Example
We saw earlier that for the function f(x) = x we have

2L &, (—1)+1
= — (=1) sinmrx, 0<x<L
T n L

Since f(0) = 0 # f(L) = L we can’t expect term-by-term differentiation
to yield f'(x) (and we observed this in the earlier example).

X
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Term-by-Term Differentiation of Fourier Series

Example
We saw earlier that for the function f(x) = x we have

X 4\n+1
:2—1' (=1) sinmrx, 0<x<L.
T n L
n=1
Since f(0) = 0 # f(L) = L we can’t expect term-by-term differentiation
to yield f'(x) (and we observed this in the earlier example).

However, (6) does provide the expected (and correct) answer

f(x) ~ 1[ [f(L) — FO)]+ <”L”Bn + % [(—1)"F(L) - f(O)]) cos 7%
n=1

X
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Term-by-Term Differentiation of Fourier Series

Example
We saw earlier that for the function f(x) = x we have

X 4\n+1
:2—1' (=1) sinmrx, 0<x<L.
T n L
n=1
Since f(0) = 0 # f(L) = L we can’t expect term-by-term differentiation
to yield f'(x) (and we observed this in the earlier example).
However, (6) does provide the expected (and correct) answer

1

X

1 = (nr2L(—1)" 2 n nmx
— L[L—O]+;<LM+L[(—1) L—O] CcOoS [

Fx) ~ LI =)+ <”L”Bn + % [(—1)"F(L) - f(O)]) cos 7%
n=1
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Term-by-Term Differentiation of Fourier Series

Example
We saw earlier that for the function f(x) = x we have

2L S (-1 . nmx
x_ﬂ_; n Sin [

0<x<L.

Since f(0) = 0 # f(L) = L we can’t expect term-by-term differentiation

to yield f'(x) (and we observed this in the earlier example).
However, (6) does provide the expected (and correct) answer
1

100~ 10 - 101+ Y (8 + 21w - o)
n=1

L nm L

> = _q{\n+1 -
= 1L[L—0]+Z<"2L(1)++2[( 1)L~ 0])cosnLX

n=1

= 1+Z[ 1) 4 2(— 1)]cosnLLX

e nmx
L
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Term-by-Term Differentiation of Fourier Series

Example
We saw earlier that for the function f(x) = x we have

X 4\n+1
:2—1' (=1) sinmrx, 0<x<L.

s n L
n=1

X

Since f(0) = 0 # f(L) = L we can’t expect term-by-term differentiation

to yield f'(x) (and we observed this in the earlier example).

However, (6) does provide the expected (and correct) answer
1

= T — ) m
- 1L[L—0]+Z<nLZL(n:T)++i[(—1)“L—O])cosnLX

n=1

= 1 +i [\2(—1)’”r1 +2(—1)”] cosnil_x
n=1 o

=0

Fx) ~ LI =)+ <”L”Bn + % [(—1)"F(L) - f(O)]) cos 7%
n=1
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Term-by-Term Differentiation of Fourier Series

Example
We saw earlier that for the function f(x) = x we have

2L S (-1 . nmx
= — .
X E sin , O0<x<lL

n=1
Since f(0) = 0 # f(L) = L we can’t expect term-by-term differentiation
to yield f'(x) (and we observed this in the earlier example).
However, (6) does provide the expected (and correct) answer
1

= T — ) m
- 1L[L—0]+Z<nLZL(n:T)++i[(—1)”L—O])cosnLX

n=1

= 1+ i [2(=1)™" +2(=1)"] cos”iLX = 1
n=1 A

=0

Fx) ~ LI =)+ <”L”Bn + % [(—1)"F(L) - f(O)]) cos 7%
n=1

fasshauer@iit.edu MATH 461 — Chapter 3

72


http://math.iit.edu
http://math.iit.edu/~fass

Term-by-Term Differentiation of Fourier Series

Another Look at Separation of Variables: The
Eigenfunction Perspective

By starting our discussion of the solution of the heat equation with an
eigenfunction expansion we are able to obtain a justification for why
the separation of variables approach works.
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Term-by-Term Differentiation of Fourier Series

Another Look at Separation of Variables: The
Eigenfunction Perspective

By starting our discussion of the solution of the heat equation with an
eigenfunction expansion we are able to obtain a justification for why
the separation of variables approach works.

Remark

The main advantage of taking this different point of view is that it can
be applied to nonhomogeneous problems as well (see HW 3.4.9 and
3.4.12).
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Term-by-Term Differentiation of Fourier Series

Example

Let’s once more solve the 1D heat equation

u

ot
u(0, 1)
u(x,0)

&%u
Koxe
u(L,t)=0
f(x).

O<x<L t>0
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Term-by-Term Differentiation of Fourier Series

Example
Let’s once more solve the 1D heat equation

ou 0%u

o ZE L

51 k8x2’ O<x<L, t>0
u(0,t) = wu(L,t)=0
u(x,0) = f(x).

We know that the eigenfunctions for this problem are

sinE sin%—x sin?ﬂr—x
L’ L’ L’
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Term-by-Term Differentiation of Fourier Series

Example
Let’s once more solve the 1D heat equation

ou 0%u

5 = kW’ O<x<L t>0
u(0,t) = wu(L,t)=0
u(x,0) = f(x).

We know that the eigenfunctions for this problem are

sinE sin%—x sin?ﬂr—x
L’ L’ L’

and therefore we make the Ansatz

Z Bn(1) sin @.
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Term-by-Term Differentiation of Fourier Series

Example
Let’s once more solve the 1D heat equation

ou 0%u

2= - k= L

B k8x2’ O<x<L, t>0
u(0,t) = wu(L,t)=0
u(x,0) = f(x).

We know that the eigenfunctions for this problem are

sinE sin%—x sin?ﬂr—x
L’ L’ L’

and therefore we make the Ansatz

ZB,, sm@

Note the time-dependence of the Fourler sine coefficients.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
The first thing to do is to enforce the initial condition u(x, 0) = f(x), i.e.,

nmwx

Z B,(0) sin —=

with .
Bn(O):g/ f(x)sin "™ dx,  n=1,2,3,...
L), L

fasshauer@iit.edu MATH 461 — Chapter 3 75


http://math.iit.edu
http://math.iit.edu/~fass

Term-by-Term Differentiation of Fourier Series

Example (cont.)
The first thing to do is to enforce the initial condition u(x, 0) = f(x), i.e.,

Z B,(0) sin E

with .
Bn(O):g/ f(x)sin "™ dx,  n=1,2,3,...
L), L

Remark

Note that now we are approaching the problem from a different angle,
and so we don’t know yet whether u satisfies the heat equation.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

To check whether u satisfies the heat equation we compute all the
required partial derivatives using term-by-term differentiation:
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

To check whether u satisfies the heat equation we compute all the
required partial derivatives using term-by-term differentiation:

Z B, (t) sin ﬂ
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

To check whether u satisfies the heat equation we compute all the
required partial derivatives using term-by-term differentiation:

Z B, (t) sin ﬂ

ou o N nmwx
- &(X,t) ~ ZTBn(t)COST (7)

n=1
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

To check whether u satisfies the heat equation we compute all the
required partial derivatives using term-by-term differentiation:

u(x,t) ~ Y By(t)sin nLLX
n=1
ou > nr nrx
- a(x, t) ~ ;TBn(t)COST (7)
dQ?u = /nm\2 _nmx
- W(X, t) ~ ; — (T) Bn(t) sin T (8)
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Term-by-Term Differentiation of Fourier Series

Example (cont.)

To check whether u satisfies the heat equation we compute all the
required partial derivatives using term-by-term differentiation:

nmx

u(x,t) ~ ZBn(t sin ==

ou nm nmx
— a(x,t) ~ ;TBn(t)COST

5%u > nm\ 2 nmx
— 5 o0t ~ ;—(T) Bn(t) sin -

ou nmx
and —(x.1) ~ ZBg(t sin =~
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Were all of these differentiations justified?
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Were all of these differentiations justified?

@ (7) was OK since we differentiated the sine series of a continuous
function (for fixed t) which satisfies u(0, t) = u(L,t) = 0.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Were all of these differentiations justified?
@ (7) was OK since we differentiated the sine series of a continuous
function (for fixed t) which satisfies u(0, t) = u(L,t) = 0.

@ (8) was OK since we differentiated the cosine series of a
continuous function (for fixed ).
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Were all of these differentiations justified?
@ (7) was OK since we differentiated the sine series of a continuous
function (for fixed t) which satisfies u(0, t) = u(L,t) = 0.

@ (8) was OK since we differentiated the cosine series of a
continuous function (for fixed ).

@ (9) was questionable. So far we have no theorem covering this
case — see below.
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Using (8) and (9), u satisfies the heat equation if

iB{,(t sm@_kZ[ ( ) (t)sanLX
n=1
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Using (8) and (9), u satisfies the heat equation if

iB{,(t sm@—kZ[ ( ) t)sanLX.
n=1

Comparing coefficients of sines of like frequencies we get an ODE for
the coefficients Bp:
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Using (8) and (9), u satisfies the heat equation if

nmx

iB{,(t sm@_kZ[ ( ) n(t)sin == .
n=1

Comparing coefficients of sines of like frequencies we get an ODE for
the coefficients Bp:

2
Bg(t):-k(”—[) Bu(t), n=1,2,3,...
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Term-by-Term Differentiation of Fourier Series

Example (cont.)
Using (8) and (9), u satisfies the heat equation if

iBg(t sm@_kZ[ ( ) t)sanLX.
n=1

Comparing coefficients of sines of like frequencies we get an ODE for
the coefficients Bp:

B.(t) = k(n:) Bu(t), n=1,2,3,...

This ODE is easily solved and yields

Ba(t) = Ba(0)e <(F)t

which is the same answer we had earlier using separation of variables.
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Term-by-Term Differentiation of Fourier Series

We close the section with the theorem that justifies the derivation of (9)
above.
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Term-by-Term Differentiation of Fourier Series

We close the section with the theorem that justifies the derivation of (9)
above.

Theorem

If u = u(x,t) is a continuous function of t with time-dependent Fourier
series

(o)

nmx . hmX
u(x, t) = a(t) + n§_1: [an(t) cos 7~ -+ bn(t) sin T}
then
ou o =, X o 0T
(1) = a(0) + n§1j [a,,(t) cos =~ + b(t) sin }

provided % is piecewise smooth.
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Outline

© Integration of Fourier Series
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Integration of Fourier Series

Theorem

The Fourier series of a piecewise smooth function f can always be
integrated term-by-term.
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Integration of Fourier Series

Theorem

The Fourier series of a piecewise smooth function f can always be
integrated term-by-term.

Moreover, the result is a continuous infinite series (but not necessarily

a Fourier series) which converges to the integral of f on the interval
[_ Lv L] ’
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Integration of Fourier Series

Theorem

The Fourier series of a piecewise smooth function f can always be
integrated term-by-term.

Moreover, the result is a continuous infinite series (but not necessarily
a Fourier series) which converges to the integral of f on the interval
[—L, L], i.e., if f has the Fourier series

f(x )~a0+2[ancos 3 + bps mTX} —L<x<L

n=1

then, for all x € [-L, L], we have

/ f(t)dt = ap(x+L) +Z[ sin mTXer”(cosmr—coszx)] (10)

v
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Integration of Fourier Series

Remark
The integrals in the theorem need not be from —L to x.
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Integration of Fourier Series

Remark

The integrals in the theorem need not be from —L to x.
They can also be from a to b, a, b € [—L, L], since we can always write

/:...:
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Integration of Fourier Series

Remark

The integrals in the theorem need not be from —L to x.
They can also be from a to b, a, b € [—L, L], since we can always write

/b:/L+/bL
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Integration of Fourier Series

Remark

The integrals in the theorem need not be from —L to x.
They can also be from a to b, a, b € [—L, L], since we can always write

[om [t e [ [

and the latter two integrals are covered by the formula in the theorem.

v

fasshauer@iit.edu MATH 461 — Chapter 3

82


http://math.iit.edu
http://math.iit.edu/~fass

Integration of Fourier Series

Before we prove the theorem we note the following facts:

X X
/ apdt = apt . = ao(X+L)
L _

fasshauer@iit.edu MATH 461 — Chapter 3 83


http://math.iit.edu
http://math.iit.edu/~fass

Integration of Fourier Series

Before we prove the theorem we note the following facts:

X X
/ apdt = aot‘ . = ao(X+L)
_L -

/Xcosmrtdt = Lsinnit
—L L o L

XﬁL.nﬂ'X

7L_n7r L
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Integration of Fourier Series

Before we prove the theorem we note the following facts:

X X
/ apdt = aot‘ . = ao(X+L)
_L -

2 nrt L . nrt]* L . nmx
cos —df = —sin— = — —
_L L nm L, nm L
/Xsinmrtdt = —Lcosn—ﬂx = L(cosn —cosw)
oL T T L, m " L
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Integration of Fourier Series

Before we prove the theorem we note the following facts:

X X
/ apdt = aot‘ . = ao(X—l-L)
_L -

2 nrt L . nrt]* L . nmx
cos —dt = sin — = ==
_L L nm L, nm L
/Xsinmrtdt = —Lcosnitx _ = (cosn —cos@)
oL T T L, m " L

This shows that the coefficients in formula (10) indeed are likely
candidates for term-by-term integration of the Fourier series.
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Integration of Fourier Series

Proof.
We begin by defining the function F as

F(x) = /_XL f(t)dt.
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Integration of Fourier Series

Proof.
We begin by defining the function F as

F(x) = /_XL f(t)dt.

Since we assumed f to be piecewise smooth, F is continuous.
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Integration of Fourier Series

Proof.
We begin by defining the function F as

F(x) = /_XL f(t)dt.

Since we assumed f to be piecewise smooth, F is continuous.
Its Fourier series is continuous if and only if F(—L) = F(L).
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Integration of Fourier Series

Proof.
We begin by defining the function F as

F(x) = /_L f(t)dt.

Since we assumed f to be piecewise smooth, F is continuous.
Its Fourier series is continuous if and only if F(—L) = F(L).
However,
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Integration of Fourier Series

Proof.
We begin by defining the function F as

F(x) = /_L f(t)dt.

Since we assumed f to be piecewise smooth, F is continuous.
Its Fourier series is continuous if and only if F(—L) = F(L).
However,

F(-L) = /__LLf(t)dt _ 0
F(L) = /LLf(t)dt
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Integration of Fourier Series

Proof.
We begin by defining the function F as

X
F(x) = / f(t)dt.
—L
Since we assumed f to be piecewise smooth, F is continuous.

Its Fourier series is continuous if and only if F(—L) = F(L).
However,

F(-L) = /__Lf(t)dt _ 0

L
F(L) = /LLf(t)dt — 24,

where ag is one of the Fourier coefficients of f. These are in general
not the same.
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Integration of Fourier Series

Proof.
We begin by defining the function F as

F(x) = /_L f(t)dt.

Since we assumed f to be piecewise smooth, F is continuous.
Its Fourier series is continuous if and only if F(—L) = F(L).
However,

F(-L) = /__Lf(t)dt _ 0

L
F(L) = /LLf(t)dt — 24,

where ag is one of the Fourier coefficients of f. These are in general
not the same. Therefore, the Fourier series of F is not continuous in.s;
general, and we cannot assume that F(x) equals its Fourier series |
—L<x<L.
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Integration of Fourier Series

Proof (cont.)
In addition to F(x) = [*, f(t)dt we
now also define

H(x) = ag(x + L)
and

G(x) = F(x) — H(x).
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Integration of Fourier Series

Proof (cont.)
In addition to F(x) = [*, f(t)dt we 2017
now also define

H(x) = ao(x + L)

and a0 L
y=H(x)
G(x) = F(x) — H(x). Y
Clearly, H denotes the line passing ,
through (—L, 0) and (L, 2a0L). 1 i
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Integration of Fourier Series

Proof (cont.)

In addition to F(x) = [*, f(t)dt we 2011
now also define

H(x) = ao(x + L)

and
y=H(x)

y=F(x)

Clearly, H denotes the line passing ,
through (—L, 0) and (L, 2a0L). 1 i

As a consequence we have
@ G(—L)= G(L) =0 (since F(—L) =0and F(L) = 2ayL),
@ Gis continuous (since F and H are)
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Integration of Fourier Series

Proof (cont.)

In addition to F(x) = [*, f(t)dt we 2011
now also define

H(x) = ao(x + L)

and
y=H(x)

y=F(x)

G(x) = F(x) — H(x).
Clearly, H denotes the line passing ,
through (L, 0) and (L, 2aoL). 1~ L
As a consequence we have

@ G(—L)= G(L) =0 (since F(—L) =0and F(L) = 2ayL),
@ Gis continuous (since F and H are)
so that G(x) equals its Fourier series on [—L, L].
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Proof (cont.)

Let’s write the Fourier series of G in the form

G(X) = Ao + i [Ancos ”LLX + Bysin ”LLX}

n=1

with (remember that G(x) = F(x) — H(x) = F(x) — ap(x + L))

L
Ay = ;L/L[F(X)—ao(erL)] dx

nmx
——dx

L
A = }_/_L[F(x)—ao(erL)]cos 1

L
B, — 1/ [F(x) — ao(x + L)] sin 7% dx
L), L

and let’s compute Ay, A, and B,.
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Proof (cont.)

L
A, = 1/ [F(x)—ao(x-i—L)]cosﬂdx
L), L
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Proof (cont.)

L
A, = 1/ [F(x)—ao(x+L)]cosﬂdx
L), L

1 L nmx 1 L nmx
= L/L[F(x)—aoL]cosde—L/Laoxcosde
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Proof (cont.)

L
A, = 1 / [F(x) — ao(x + L)) cos 7™ dx
[/, [

1 [t 1t
= L/ [F(x) —apl] cos %X dx — L/ apXx cos nLLX dx
L N—— , =L
=u, du=f(x)dx x
=dv, 7o Sin 57 =0, odd
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Proof (cont.)

L
A, = 1 / [F(x) — ao(x + L)) cos 7™ dx
[/, [

L L

= 11_/ [F(x) —apl] cos %X dx — 1L/ apXx cos nLLX dx
= ﬁf—/ —

‘ =u, du=f(x)dx " =

=dv, v=o-sin 17X =0, odd
L L

L nrx |-

= [(F(x)—aoL)S| i

f(x) sin ”LLX dx]
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Proof (cont.)

L
A, = 1 / [F(x) — ao(x + L)) cos 7™ dx
[/, [

L L
- 1/ [F(x) — aol] cos 17X dx—1/ aoxcos%dx
L L ~——— L _L

_ L L
=u, du=f(x)dx " x
=dv, —sm e =0, odd
L x| Lt n
X . nmx
= (F(x)—aoL)—smT o | f( )sdex]
~—— L g
—0 :Lbn
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Proof (cont.)

L
A, = 1 / [F(x) — ao(x + L)) cos 7™ dx
[/, [

L L
- 1/ [F(x) — aol] cos 17X dx—1/ aoxcos%dx
L L ~——— L _L

_ L L
=u, du=f(x)dx " x
=dv, —sm e =0, odd
L x| Lt n
X . nmx
= (F(x)—aoL)—smT o | f( )sdex]
~—— L g
—0 :Lbn

_ _&
"
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Proof (cont.)

L
A, = 1 / [F(x) — ao(x + L)) cos 7™ dx
[/, [

L L
- 1/ [F(x) — aol] cos 17X dx—1/ aoxcos%dx
L L ~——— L _L

_ L L
=u, du=f(x)dx " x
=dv, —sm e =0, odd
L x| Lt n
X . nmx
= (F(x)—aoL)—smT o | f( )sdex]
~—— L
—0 :Lbn

_ _&
"

B, = nia” is computed similarly (see HW 3.5.5)
T
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Proof (cont.)

To compute Ay we note that

G(L)= A+ [A,,cos”iLL + Bysin 7=

n=1
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Proof (cont.)

To compute Ay we note that

G(L) = Ao+ Ancos”iLL +anin”iLL
n=1 N——
-0
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Proof (cont.)

To compute Ay we note that

0=G(L)=A+Y Ancosn%L ”ZL
~———

n=1
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Proof (cont.)

To compute Ay we note that

nLLJrB sinnLL
L n L
——r

=0

0=G(L)=As+ ) _ |Ancos

n=1
Therefore -
Ag = —ZAncosmr

n=1
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Proof (cont.)

To compute Ay we note that

> nmlL . nmlL
0=G(L)=A+>_ Ancos — = + Bysin = —
n=1 ~——
=0
Therefore
(o ¢] o L
Ao = — Z; A, COS Nt = 2 —bycos .
n= n=

fasshauer@iit.edu MATH 461 — Chapter 3 88


http://math.iit.edu
http://math.iit.edu/~fass

Proof (cont.)

To compute Ay we note that

nrlL
L
=0

0=G(L)= Ao+ |Ancos = nml

1 + B,sin —

n=1

Therefore

o0

(o)
L
— AnCoS N = — b, cos nrr.

—1
Putting everything togel’zher we get
F(x) = H(x)+ G(x)

nmx
+B,, sin ——

- (x+L)+A0+ZA,,cos T

n=1

L

which matches the claim of the theorem if we use the representatio
of Ag, Anand B,. [
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Integration of Fourier Series

Example
Integrate the following Fourier cosine series (see (4)) from 0 to x:

LA (2k — 1)7x
_5__22%—1 coS—
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Integration of Fourier Series

Example

Integrate the following Fourier cosine series (see (4)) from 0 to x:

L4 s (2k—1)7rx
_5__22 2k—1 L

Solution
We immediately have

and
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Integration of Fourier Series

Solution (cont.)
The remaining part becomes

aL & 2k — )t 412 & (k= tynt["
_22 2k—1)2/ €S dt = Z(2k—1 r |
-
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Integration of Fourier Series

Solution (cont.)

The remaining part becomes

aL & 2k — )t 412 & (k= tynt["
_22 2k—1)2/ €S dt = 25 Z(2k—1 r |
A2E 1 (2k—1)mx
= —F Sin
= 22k 1) L
k=1
-
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Integration of Fourier Series

Solution (cont.)
The remaining part becomes

AL A /X (2k — 1)nt 42 1 (2k—)rt|"
— Y ——— [ cos————dt = — sin
772;::1(2k—1)2 0 L 3 ;(2k—1)3 L o
A 1 i (2k — 1)7x
T 8 L<(2k—1)3 L
k=1
Putting all three parts together we have
812 & 1 . (2k — 1)nx
2 = [ —
X = Lx 3 (Zk_1)33|n 7 .
k=1
e
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Integration of Fourier Series

Solution (cont.)
The remaining part becomes

AL A k- 1)mt,, A2 1 (2k—1)rt|
ﬂzkz_;(zk_m/ows L= F;(qu)ss'” r |
412 & 1 . (2k — )X
= — sin
73 (2k —1)3 L
k=1
Putting all three parts together we have
812 & 1 . (2k — 1)nx
2
=ILx—-— sin .
X ERTTE ek — 1Y L
k=1
Note that this is in agreement with the statement of the theorem.
e
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Integration of Fourier Series

Solution (cont.)
The remaining part becomes

X
4L & 1 X (2k—Nmt,, 42 1 _(2k — 1)t
ﬂzkz_;(zk_m/ows L= F;(qu)ss'” r |
412 & 1 _(2k —1)7mx
= — sin
T £~ (2k —1)3 L
k=1
Putting all three parts together we have
8L2 & 1 . (2k — 1)7mx
X2 =Lx— — 33|n( L)w.

3 _
™ (2k — 1)

Note that this is in agreement with the statement of the theorem. Due
to the presence of the linear term Lx this is not a Fourier (sine) series.
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Integration of Fourier Series

Solution (cont.)
We can interpret

82 & 1 . (2k —1)7x
2 _ __E:
X< = Lx 3 2 (2k—1)3 sin 3

differently. Namely, we do have the following two sine series:
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Integration of Fourier Series

Solution (cont.)
We can interpret

_8L2 = sin (2K = Dmx

Xt 2k—1 L

differently. Namely, we do have the following two sine series:

)
812 & 1 . (2k — 1)7mx
— 2:7
Lx —x 3 ;;1 (2k—1)3 sin T
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Integration of Fourier Series

Solution (cont.)
We can interpret

82 & 1 . (2k — 1)7x
2 _ _ E:
X< = Lx 3 2 (2k—1)3 sin 3

differently. Namely, we do have the following two sine series:

(*]
82N 1 (2k—1)mx
Lx—x2 =
S Tk D

@ and, using the Fourier sine series of f(x) = x (see (1)),

2L S ()™ nax 812 & 1 . (2k — 1)7x
2 _ E : _
x*=L T = k sin L 3 P (2k —1)3 sin
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Integration of Fourier Series

Example
Use the fact — established earlier (see (5)) — that

1 (2k—1)

2k—1 [ , O<x<L
to show that
(2k—1 32 5 8"
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Integration of Fourier Series

Solution
The main idea is to integrate the given identity from 0 to x.
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Integration of Fourier Series

Solution

The main idea is to integrate the given identity from 0 to x. For the

left-hand side we have .

1dt = x,
0

fasshauer@iit.edu MATH 461 — Chapter 3

93


http://math.iit.edu
http://math.iit.edu/~fass

Integration of Fourier Series

Solution
The main idea is to integrate the given identity from 0 to x. For the

left-hand side we have .

1dt = x,
0

while the right-hand side is

X4 1 (2k—1)nt
/0;;2K_1sm T dt
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Integration of Fourier Series

Solution
The main idea is to integrate the given identity from 0 to x. For the

left-hand side we have .

1dt = x,
0

while the right-hand side is

X420 1 2k—1 X (2k —1)nt
/0%;2/(—13' “dt = sz—1/ Bl ==l
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Integration of Fourier Series

Solution
The main idea is to integrate the given identity from 0 to x. For the
left-hand side we have .
1dt = x,
0

while the right-hand side is

A4S 1 (k-Nat A 1 (X (2k— 1)t
/oEgqus'” L dt_;k:12k—1/0' dt
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Integration of Fourier Series

Solution
The main idea is to integrate the given identity from 0 to x. For the

left-hand side we have i

1dt = x,
0

while the right-hand side is

X420 1 2k—1 X (2k —1)nt
/Owk;qus' “dt = sz—1/ Bl ==l

AL & T os (2k — 1)mt|*
(2k —1)2 L

0
> 1 1 o (2K — 1)
Z[Qk—U? 2k —12%° L ]

k=1

N\“

v
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Integration of Fourier Series

Solution (cont.)
Therefore, splitting into two series,

(2k —1)mx

4L & 4L &
X:Fkg(zk—1 _2;:: 2k—1

L
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Integration of Fourier Series

Solution (cont.)
Therefore, splitting into two series,

(2k —1)mx

4L 00
Z(2k—1 __2;:: 2k—1

This is a cosine series with constant term

AL
AO‘PH (2k — 1)2

L

fasshauer@iit.edu MATH 461 — Chapter 3

94


http://math.iit.edu
http://math.iit.edu/~fass

Integration of Fourier Series

Solution (cont.)
Therefore, splitting into two series,

4L & os (2K — 1)mx
Z(2k—1 __2;:: 2k—1 L

This is a cosine series with constant term

4LOO
AO— (ZKT L/ x dx
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Integration of Fourier Series

Solution (cont.)
Therefore, splitting into two series,

4L & os (2k = 1)x
Z(2k—1 2; 2k—1 L

This is a cosine series with constant term

4L &
AO— k1w L/ xdx = =
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Integration of Fourier Series

Solution (cont.)
Therefore, splitting into two series,

4/ & (2k —1)mx
Z(2k—1 ZKZ 2k—1 L
This is a cosine series with constant term
4L >
Ay = —_— = —
0T L (2k—1 L / Xdx =3

and we can now conclude that

; 2k—1
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Integration of Fourier Series

Solution (cont.)
Therefore, splitting into two series,

4/ & (2k —1)mx
Z(2k—1 ZKZ 2k—1 L
This is a cosine series with constant term
4L
o=zl 1ﬁ L/ xx= 5

and we can now conclude that

1L
2k —1)2 4L2
i
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Integration of Fourier Series

Solution (cont.)
Therefore, splitting into two series,

4L & os (2k = 1)x
Z(2k—1 2;_: 2k—1 L

This is a cosine series with constant term

4L &
AO— k1ﬁ L/ XdX—f

and we can now conclude that
i 2 L 7r2
k:1 2k —1)2 T 4.2 8
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Solution (cont.)

Alternatively, we could have evaluated the series expansion
4L > 1 4L > 1 cos (2k — 1)7x
o2 p (2k —1)2  x2 — (2k —1)2 L

for some special value of x. For example,
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Solution (cont.)

Alternatively, we could have evaluated the series expansion
4L > 1 4L > 1 cos (2k — 1)7x
o2 — (2k — 1)2 772k_1 (2k —1)2 L

for some special value of x. For example,
o for x = L we get

TR ALS (2k — 1)L
- _ZZ:: 2k—1)2 2;:;(2k—1)2c°S L
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Integration of Fourier Series

Solution (cont.)
Alternatively, we could have evaluated the series expansion
AL 1 4L & 1 (2k — 1)7x
w2l k12 wie(@k—1E L

for some special value of x. For example,
o for x = L we get

AL 4L & 1 (2k — 1)wL
L= ZZ:: 2k—1)2 w2 k1R L
4L & 4L & 1
- ZZ:: 2k—1)2 2k:17(2k_1)2003(2k—1)7r

=—1
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Solution (cont.)
Alternatively, we could have evaluated the series expansion
747L°° 1 _iLOO 1 COS(2k—1)7rx
2 — (2k — 1)2 7r2k_1 (2k —1)2 L

for some special value of x. For example,
o for x = L we get

AL 4L & 1 (2k — 1)wL
L= ZZ:: 2k—1)2 w2 k1R L
4L & 4L & 1
- 72_: 2k—1)2 2k_1 7(2k_1)2003(2k—1)7r
= = =—1
so that
if: o1
2 2k—1)2 p| 2k—1 8
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Integration of Fourier Series

Solution (cont.)

@ For x = 5 we get

(2k —1)ns

4L oo}
Z(2k—1 __22 2k—1

L
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Integration of Fourier Series

Solution (cont.)
@ For x = 5 we get

L 4L & 1 (2k — )7k
2 - Z(2k—1 TR k1R L
4L & 1 4L & 1 T
= =y N cos(2k — 1)%
222k 172 72 2= (2k —1)2 2 COs( )5
= =1 N—————
=0
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Integration of Fourier Series

Solution (cont.)
@ For x = § we get
L AL ii os 2k =7
2 k1(2k—1 2 = 2k—1 L
4L 1 AL 1 T
= — =Y cos(2k —1)=
2k —1)2 2;(2k—1) 2 COs( )5
=1 S—
=0
so that
L 4L& 1 > 1 72
2 w2k ;(2k—1)2_8'
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Integration of Fourier Series

Example

The Basel problem, first proved by
Leonhard Euler in 1735:
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Integration of Fourier Series

Example

The Basel problem, first proved by
Leonhard Euler in 1735:

[e’e} 1 2
S 2=%
n=1
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Integration of Fourier Series

Example

The Basel problem, first proved by
Leonhard Euler in 1735:

[eS) 1 2
> %=
n=1

One can prove this as we did for the

squares of odd integers above. Here we

evaluate the Fourier series of f(x) = x2,

B RS
3 2 o n2 L’

e
z

- The Story of Matgs
) 7
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Integration of Fourier Series

Example

The Basel problem, first proved by
Leonhard Euler in 1735:

[eS) 1 2
> %=
n=1

One can prove this as we did for the
squares of odd integers above. Here we

evaluate the Fourier series of f(x) = x2,
2 2 % (_4\n
Ao B S BN o et
3 72 n2 L
n=1
at x = L.

See [Proofs from THE BOOK] for three different proofs.
B UYCTTVCYRN i 461 - Ghapter o =
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Outline

© Complex Form of Fourier Series
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Complex Form of Fourier Series

Fourier series are often expressed in terms of complex exponentials
instead of sines and cosines.
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Complex Form of Fourier Series

Fourier series are often expressed in terms of complex exponentials
instead of sines and cosines.
The main ingredient for understanding this translation in notation is
Euler’s formula

€’ = cosf +ising.
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Complex Form of Fourier Series

Fourier series are often expressed in terms of complex exponentials
instead of sines and cosines.
The main ingredient for understanding this translation in notation is
Euler’s formula

€’ = cosf +ising.

This, of course, implies

e = cosf —isind,

and so
cosf = L +e”
- 2
_ e|0 e—i9
sinfg = .
2i
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Complex Form of Fourier Series

We can therefore rewrite the Fourier series

[oe)
nmXx . NmXx
f(x) ~ ap + Z [an cos % + by sin %]
n=1
as
o0 B i s <
f(x) ~ a+) |an 5 + by———;
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Complex Form of Fourier Series

We can therefore rewrite the Fourier series

f(x)wao+2[ancos [ + by si @]

n=1 L
as
+ o1 g _ oI

f(x) ~ ag+ a +b .

(x) 0 Z n n 5
1 b { nmx b  nmx
. ao+22{<an+f I+ (- )

n=1

100
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Complex Form of Fourier Series

We break this into two series and use 17 = —j to arrive at
f(x) ~ a +1§:(a —iby) €T A 3 (an+iby) e T
0 P par n n > e n n
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Complex Form of Fourier Series

We break this into two series and use 17 = —ito arrive at
7rX 1 > g _ihmx
f(x) ~a0+22 —ibp) € +2;(an+|bn)e't

Now we perform an index transformation, n — —n, on the first series to
get

= . >
f(x)~a0+§Z(a_n—|b_) Z_:an+|bn T

n=-1

l\) \

fasshauer@iit.edu MATH 461 — Chapter 3 101


http://math.iit.edu
http://math.iit.edu/~fass

Complex Form of Fourier Series

We break this into two series and use 17 = —ito arrive at
nmx 1 . _inmx
f(x ~a0+22 —ibp) € +2;(an+|bn)e't

Now we perform an index transformation, n — —n, on the first series to
get

o
Z an+|bn e

Note that, using the symmetries of cosine and sine,

1 [t (—=mmx
an = L/Lf(x)cos ] dx

1T ,
f(x) ~ap + 3 Z (a—n—ib_p)

n=-1

l\) \
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Complex Form of Fourier Series

We break this into two series and use 17 = —ito arrive at
nmx 1 . _inmx
f(x ~a0+22 —ibp) € +2;(an+|bn)e't

Now we perform an index transformation, n — —n, on the first series to
get

o
Z an+|bn e

Note that, using the symmetries of cosine and sine,

L _
an, = 1/ f(x)cos( n)ﬁxdx:a,,
L), L

1T ,
f(x) ~ap + 3 Z (a—n—ib_p)

n=-1

l\) \
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Complex Form of Fourier Series

We break this into two series and use 17 = —ito arrive at

(o]
Z an""bn e

Now we perform an index transformation, n — —n, on the first series to
get

~ao+22 —ibn) e

l\) \

1 = . > jiomx
fx)~ a0+ 5 > (a-n—ib_p) Z_: (an+ibp)e

n=-1

Note that, using the symmetries of cosine and sine,

L _
an, = 1/ f(x)cos( n)ﬁxdx:a,,
L), L

b, = 1L/_LL f(x)sin (=mmx 4
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Complex Form of Fourier Series

We break this into two series and use 17 = —ito arrive at

(o]
Z an""bn e

Now we perform an index transformation, n — —n, on the first series to
get

~ao+22 —ibn) e

l\) \

1 = . > jiomx
fx)~ a0+ 5 > (a-n—ib_p) Z_: (an+ibp)e

n=-1

Note that, using the symmetries of cosine and sine,

a_n, = L/ f(x) cos L) X = ap
)

b_, = I / f(x) sm
fasshauer@iit.edu MATH 461 — Chapter 3 101
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Complex Form of Fourier Series

We can therefore rewrite

1 <= , TR, e . _inmx
f(X)NaO+§Z(a_n_|b_n)elL + Z(an+|bn)elL

2
n=-—1 n=1
as
1 X . _inmx 1 & . _jnmx
f(x) ~ ay + 2n_§_1 (an+iby) e T + > ;_1 (an+iby)e "t
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Complex Form of Fourier Series

We can therefore rewrite

1 <= , TR, e . _inmx
f(X)NaO+§ Z (a_n_lb_n)e o + Z(an+|bn)e L
n=—1 n=1
as

= . e 1 . _immx
f(X)~ a0+ 5 Y (an+iby)e T + 53" (an+ibn)e '™

n=-—1 n=1

If we introduce new coefficients

Co = & and Cn
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Complex Form of Fourier Series

We can therefore rewrite

— . = oz
f(x) ~ a0 + 3 > (an—ib_p) z_: (an+iby)e T

n=-—1
as

1 = : jnmx
f(x) ~ a0 + 5 > (an+iby)eT +

n=-—1 n

If we introduce new coefficients

| —
NE
B

(an+ibp) e
-

an+ibp
2
then we get the exponential form of the Fourier series

f(x) ~ Z che T

n=—oo

Co = & and B =
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Complex Form of Fourier Series

We can therefore rewrite

— . = oz
f(x) ~ a0 + 3 > (an—ib_p) z_: (an+iby)e T

n=-—1
as

1 = o\ jmmx
f(x) ~ a0 + 5 > (an+iby)eT +

n=-—1 n

If we introduce new coefficients

| —
NE
B

(an+ibp) e
-

an+ibp
2
then we get the exponential form of the Fourier series

f(x) ~ Z che T

n=—oo
with Fourier coefficients

1 L
CO:ZL/_Lf(X)dX
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Complex Form of Fourier Series

and

an+ib
cn:%
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Complex Form of Fourier Series

and
an+ib
G = AT

1 L nmx [t . hmx
= o /Lf(x)cosdeJrl/Lf(x)smde
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Complex Form of Fourier Series

and

an+ibp
2

1 L nmwx it . nmx
= o /Lf(x)cosdeJrl/Lf(x)smde

Jogilt ncx . . nmX
= 2L/_Lf(x) [cosT+|smT] dx
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Complex Form of Fourier Series

and

an+ibp

>
L nrx [t . nmwx
/ F(x) cos T dx + i / F(x) sin ™™ dx
. L ” L

Jogilt ncx . . nmX
= 2L/_Lf(x) [cosT+|smT] dx

1 L inmx
_ |
= 3 /_Lf(x)e L dx

Cn =

1
2L
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Complex Form of Fourier Series

and

an+ibp
2
L nmx t . nmx
/ F(x) cos T dx + i / F(x) sin ™™ dx
—L L .y L
1 [t nmx . . nmXx
= 2L/_Lf(x) [cosT+|smT] dx

1 L inmx
_ |
= 3 /_Lf(x)e L dx

Note that this formula also gives the correct value for cy.

1
2L

fasshauer@iit.edu MATH 461 — Chapter 3 103


http://math.iit.edu
http://math.iit.edu/~fass

Complex Form of Fourier Series

and

an+ibp
2
L nmx t . nmx
/ F(x) cos T dx + i / F(x) sin ™™ dx
—L L .y L
1 [t nmx . . nmXx
= 2L/_Lf(x) [cosT+|smT] dx

1 L inmx
_ |
= 3 /_Lf(x)e L dx

Note that this formula also gives the correct value for cy.

Cn =

1
2L

Sometimes the formula for the Fourier coefficients c, is referred to as

Remark
the finite Fourier transform of f. J

5
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