Math 578: Midterm — Tuesday, March 20, 2007

SHOW ALL WORK! USE THESE SHEETS ONLY.

7 3 1. Write down the linear Lagrange interpolation polynomial for the function f(z) = z* using the

points zg = 0 and x; = b. Verify formula (7) in Theorem 1.9 of the class notes by direct
calculation. In particular, show that in this case £ has the unique value £ = %(.c + b}
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0
having the form f{z) = acosz + b.

2. (a) Find a formula of the form f flz)dz = A1 f(0) +

As f(7) that is exact for any function

) (b) Prove that the formula derived in (a) is exact for any function of the form

flx) = Z |a) cos(2k + 1)z + by sin kz].
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r,) a 3. Is it possible to find coeflicients a, b, ¢, and d such that the function
- 1-2z, =-%l0) (Meo<zsc-3
S(x) = a+b$'}'6$2'l'd$3: -3<x <4,
157 — 32z, -:_;gz(x) 4 <z <o,
is a natural cubic spline for the interval [—3,4]7
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(a) Apply Richardson extrapolation to Euler’s method using step sizes h and h/2 to derive the
second-order Runge-Kutta method (modified Euler method) y,41 = yn + hks, where

(b) How can this method be used to produce a table of values for the function f(z) = f e fa
0
at 100 equally spaced points on [0, 1]7
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5. By considering the scalar model initial value problem

(), e[0T,
Yo,

L@ y'(t)
y(0)

with real A determine the linear stability domain (in this case a real interval) for the modified
Euler method of Problem 4.
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